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Abstract 



By means of functional integrations spectral properties of semi-relativistic 

Pauli-Fierz Hamiltonians in quantum electrodynamics is considered. Two self- 

^ ] adjoint extensions of a semi-relativistic Pauli-Fierz Hamiltonian are defined. An 

'^ I essential self-adjointness, a spatial decay of bound states, a Gaussian domination 

of the ground state and the existence of a measure associated with the ground 



Tj- , state are shown. 

o 

<^ : 1 Introduction 



1.1 Preliminary 

In the past decade a great deal of work has been devoted to studying spectral properties 
of non-relativistic quantum electrodynamics. In this paper we are concerned with the 
semi-relativistic Pauli-Fierz model (it is abbreviated as SRPF model) in quantum elec- 
trodynamics and its spectral properties by using functional integrations. The SRPF 
model describes a minimal interaction between semi-relativistic electrons and a mass- 
less quantized radiation field A on which an ultraviolet cutoff function is imposed. We 
assume throughout this paper that a single spinless electron moves in d {> 3) dimen- 
sional Euclidean space for simplicity. In the case where the electron has spin 1/2, the 
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procedure is similar and we shall publish details somewhere. A Hamiltonian of semi- 
relativistic as well as non-relativistic quantum electrodynamics is usually described as 
a self-adjoint operator in the tensor product of a Hilbert space and a boson Fock space. 
In this paper instead of the boson Fock space we can formulate the Hamiltonian as 
a self-adjoint operator in the known Schrodinger representation in a functional real- 
ization of the boson Fock space as a space of square integrable functions with respect 
to the corresponding Gaussian measure. Through the Schrodinger representation a 
Fyenman-Kac type formula of the one parameter semigroup generated by the SRPF 
Hamiltonian is given. A functional integral or a path measure approach is proven to 
be useful to study properties of bound states associated with embedded eigenvalues in 
the continuous spectrum. See e.g., |LHBlll Sections 6 and 7] . We are interested in 
investigating properties of bound states and ground states of the SRPF Hamiltonian 
by functional integrations. 

1.2 Main results 

The SRPF Hamiltonian can be realized as a self-adjoint operator bounded from below 
in the tensor product of L^{M.'^) and a boson Fock space ^, where L^(M°') denotes the 
state space of a semi-relativistic electron and ^ that of photons. Then the decoupled 
Hamiltonian is given by 

{^/p^ + m^-m + V)®l+l® Hrad, (1.1) 

where p = (pi, ..., p^) = {—id^i, ..., —idx^) denotes the momentum operator, m electron 
mass, y : M'^ — 7- M an external potntial, and Hrad the free field Hamiltonian on ^ . 
The SRPF Hamiltonian is defined by introducing the minimal coupling by a quantized 
radiation field A(x), i.e., replacing p ® 11 with p ® 1 — a j^^ A{x)dx and, then 
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H = W(p(g)]l-a / A{x)dx\ +im?-m + V®t + t® H^ad, (1-2) 



where a is a real coupling constant. In order to investigate the semigroup e *^, t > 0, 
we redefine H on L'^iM!^) ® L^{^) instead of L'^{W^) ® ^, where L'^{^) denotes the set 
of square integrable functions on a Gaussian probability space {^,fi), and is called a 
Schrodinger representation of ^. 



We shall construct two appropriate self-adjoint extensions of H in this paper, which 
are denoted by Hqf and Hk- The former is defined through a quadratic form sum and 
the later through a Feynman-Kac type formula with a potential V in the relativistic 
Kato-class. We construct the Feynman-Kac type formula of e~*^, H = Hqf or Hk, in 
terms of a composition of Euclidean quantum field Ac(/) with test function / G <f = 
^ //^(M*^^^), (i-dimensional Brownian motion (-Bf)tgK on the whole real line M defined 
on a probability space {Qp,Bp,P^), and a subordinator (Tt)j>o on {Qi^,Bu,i^). The 
covariance of the Euclidean quantum field Ae(/) is given by E^^ [Ac{f)Ac{g)] = qc(/, g) 
with some bilinear form qe(-, ■) on S' x tf. Hence it is driven in Theorem 13.111 and 
Corollary [311 that 

(F, e-2*HG) = /dxE^°^ [fj_tF(5_rJ, e-'°^^(i[-*'*l)e- ^-* ^^^^^^^^^ JiG(fiTj)l (1-3) 

jRd LV /J 

for F,G e L2(M'^;L2(^)) ^ L2(M^) o L'^{^). Here I[-t,t] is a limit of (f-valued 
stochastic integrals, which is formally written as 

lH,^] = 0/'jT*A(--i?,)di?,^ (1.4) 

with some A. Here T* = inf {t|T( = s} is the first hitting time of {Tt)t>o at s. Notations 
Ji and jt are defined in Section 2.2 below, and the exact definition of fll.4p is given in 
Lemma 13.71 Remarks 13.81 and 13.131 By using the Feynman-Kac type formula fll.3p we 
study the spectrum of the SRPF Hamiltonian H. The main results of this paper are 
(a)-(d) below: 

(a) Essential self-adjointness of H (Theorem 14.51) . 

(b) Spatial decay of bound states $b of H (Theorems 15. 2^ 15.71 and [5. lOp . 

(c) Gaussian domination of the ground state ipg of H (Theorem 16.71) . 

(d) Existence of a probability measure fi^o associated with ipg (Theorem 16. 101) . 

The spectrum of non-relativistic versions of H, the Pauli-Fierz model, have been stud- 
ied, and among other things the existence of a ground state is proven in |BFS99l 
IGLLOlj . See references therein |Spo04| . The spectrum of semi- relativistic versions, H, 
is also studied in e.g., |FGS01l iHHTOl IKMS091 IKMSlll IKMS121 IMSTOl MEM [5asT3] 



from an operator-theoretic point of view. In particular the existence of ground states 
of H are considered under some conditions in |HS10t IKMSOQt IKMS12] . 
Here are some comments to (a)-(d). 

(a) Following our previous work |HirOOb] . we investigate (a). This can be proven 
by estimating the scalar product | {KF, e~*^G) | for unbounded operators K = Hrad 
and p^. A bound \{KF,e~^^G)\ < Ca',g||-^||, F,G E D(if), is shown with some 
constant Ck,g- Hence e~*^ leaves D(|p|) fl D(Hrad) invariant and we can conclude that 
H is essentially self-adjoint on D(|p|) nD(Hi.ad) by Proposition 13.31 Examples include 
a spinless hydrogen like atom (Example 14. 6p . Our method is also available to the 
SRPF Hamiltonian with spin. We give a comment on known results. Although in 
[KMSlll IMSIO] the essential self-adjointness of the SRPF Hamiltonian with spin 1/2 
is considered, it is not sure that the method can be available to spinless cases. 

(b) Let /irei = v^p^ + m^ — ?7i + ^ be the semi-relativistic Schrodinger operator. 
The Feynman-Kac type formula for /irei is given by 

if,e-''-^g) = y"da;E^[/(Zo)5(Z,)e-/o^(^=MJ , (1.5) 

where (Zt)j>o stands for a Levy process whose generator is y^p^ + m'^ —m. Conversely 
taking the potential such that sup^-g^d Ep[e~ •'o ^{^s)^*] < qo, we can define the strongly 
continuous one-parameter symmetric semigroup St, t > 0, hj 

L^iR^) 3f^ {sj){x) = Ef,[f{Zt)e'-^oVi^s)dsj (^ g) 

Thus we can define the unique self-adjoint operator /i^j such that Sj = e~*'*rci^ t > 0. 
This approach is useful to define a self-adjoint operator with singular potentials. So 
a potential satisfying sup^gjjd ]Ep[e~-'o ^(^«)<^*] < c)0 is of the relativistic Kato-class. 
Furthermore let 0b be a bound state of /i^^, i.e., /i^i0b = -E'^b with some E E M.. 
Then the stochastic process 

(rr\4t>o = (e*^e-/o n^^+^Mv,(Z, + x))^^^ (1.7) 

is martingale with respect to the natural filtration Mj = a{Zs,0 < s < t). From 
martingale property we can derive a spatial decay of 0b (2;) ( |CMS9d] ). Furthermore in 
|HIL13j we can extend these procedures to a semi-relativistic Schrodinger operators of 
the form: 

V (o" ■ (p — a)y + m? — m + V 



on C^ ®-^^(M^), where a = (ai, a2, cr-s) denotes 2x2 Pauli matrices and a = (oi, 02, 03) 
a vector potential satisfying suitable conditions. 

In a similar manner to (11.61) we define a strongly continuous one-parameter symmet- 
ric semigroup and define the SRPF Hamiltonian with V in the relativistic Kato-class. 
We can show in Theorem 15.21 that the map 



L2(M'^;L2(^)) 3F^ {StF){x) = Ef^^ be-'"^^(^[°'*l)e-^o^(STjdsj^^^^^^ 



:i.^ 



is the strongly continuous one-parameter symmetric semigroup for V in the relativistic 
Kato-class. Thus we can define the self-adjoint operator Hk such that St = e~*^^, 
t > 0. To study (b) we also show a martingale property of a stochastic process derived 
from the Feynman-Kac type formula (11. 3p . Let $b be any bound state of Hk, i.e., 
Hx^b = -E'^b with some E ^W. We can show in Theorem 15 . 71 that the L^(^e)-valued 
stochastic process 

(X,(x)),>o= (e*^e— ^^(^^[°'*l)e-/on^-.+-)<i'-J,$,(5^^+x)) , t > 0, (1.9) 

~ V / t>o 

is martingale with respect to some filtration {J^t)t>o- Suppose that |V(x)| — ;■ as 
|a;| — 7- 00. Then we can show in Theorem 15.101 that ||<l>b(3^)||L2(^) spatially decays 
exponentially in the case of m > and polynomially in the case of m, = 0. As far as 
we know a polynomial decay of bound states of the SRPF Hamiltonian with m = is 
new. 

(c) By the phase factor e~*"^<=(^[~*'*]) appeared in the Feynman-Kac type formula 
(II. 3p . (-F, e~*^G) G C for F, G > in general. However it is established in a similar 
manner to [Hirnnaj that (F, e-'^^e'^^e'^^G) > for F, G > 0, where N denotes the 
number operator. I.e., e~*^^e~*^e*2^ is positivity improving. Then the ground state 
(fig satisfies that e~^2^(pg > 0. This is a key point to study the ground state of H by 
path measures. By e~''^^(pg > 0, normalizing sequence yjg = e~*^(0® ]l)/||e~*^(0® 1)\\ 
strongly converges to a normalized ground state (/9g as t — )■ 00 for any < G L'^{M.'^). 

Physically it is interested in observing expectation values of some observable O 
with respect to ipg, i.e., {ipg,Oipg). Since y^g — ;■ y^g as t — )■ 00 strongly, we can see 
that {(pg,Oipg) = limt_s.oo(v^g, C'v^g)- Let A^ be the quantized radiation field smeared 
by 'C £ © -^kI^"^)- To show (c) we prove in Lemma [6.61 the bound 

(V9*,e^^ey,*) < ^ = (1.10) 

' ' ~ v/l-2/3qe(joe,JoO' 



uniformly in t for some (3 > 0. Taking the limit t — )■ oo on both sides of fll.lOp . we 
show that (fg G D(e'^ «) for some < /3. 

(d) For some crucial observables O, by fll.Sp we can see that ((/J*, Oip^^) = E^JF^] 
with an integrant Fq and probability measures (finite volume Gibbs measure) given 
by 
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^c[ll-t,t])-j'_^V{BTjd, 



where Zf denotes the normalization constant. Furthermore it is interesting to show 
the convergence of measures fiT, T > 0, for its own sake in mathematics. Formally we 
have {ipg,0(pg) = E^^[F(2^]. Exponent qe(l[—t,t]) in (11. lip is called a pair interaction 
associated with H, which is formally given by 

qe(iKt]) = ly = V r dB>: I \b:w^,{t:-t:,b,-b,), (1.12) 

and the pair potential W^i, is defined by 

See ([63D and ([63]) for details. 

In this paper we consider a limit of /i^^^^ as t — > oo. Limits of finite volume 
Gibbs measures associated with some models in quantum field theory are considered 
so far, e.g., examples include the Nelson model |BHLMS02l IOS99J . spin-boson model 
|HHL12] and the Pauli-Fierz model |BH09] . The pair interaction associated with a 
spin-boson model |HHL12j . the Nelson model |BHLMS02] and the Pauli-Fierz model 
|BHn9t IHirOnat |Spo87| are given by 



lysB^ r ^^ r ^^ f M^(_i)^e-i*i-('=)dfc, (1.14) 

tyN= r dt r ds I M^e-^'^^e-l^l-Wd/t, (1.15) 

J-T J-T JR-i 2w(fc) 

«'^^ - t fjB' lyi Hf (^.^ - 'i^) e-eH.K.d., ,1.16) 



respectively. Let /i* be the finite volume Gibbs measure with the pair interaction W^, 
where # stands for SB, N, PF. Note that W'^ and W^^ are bounded with respect to 
paths, W and W^^ are, however, not bounded. In addition, fi^ and fi^^ are measures 
defined on the set of continuous paths, /i|P and /if?"^^, however, on the set of paths 
with jumps. See Figure [H 
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Figure 1: Finite volume Gibbs measures 

Existence of limits of /i^ and fi^^ is proven in |LHB1H Theorem 6.12] and [BH09J . 
respectively, by showing the tightness of the family of measures (/ir)T'>o and (/ir^)T>o- 
It is, however, not straightforward to show the convergence of /if?, since {iJ'j^)t>o is 
defined on the set of paths with jumps ±1. Then the local weak convergence of /if? is 
shown in [HHL12J instead of a weak convergence. 

While since both //^ and fj,^ include the bounded pair interactions, we can use 
the limit measures to express the ground state expectation with some unbounded ob- 
servables, e.g. e+^^, e+^'^^^'>\ etc. See |HHL12j and |LHB11[ Section 6]. In particular 
in |HHL12j we succeeded to show that (</?§, e 



+mff 



E^sb[/oo] with some /oo and 



also show that lim^^^^(v9g,e"''^'^'-'-' ipg) = oo with some /3c- On the other hand since 
fi^^ includes the unbounded pair interaction, it is hard to apply the hmit measure to 
express the ground state expectation with some observable. See |Spo04 p. 196-197]. 
As was shown in main result (c) it can be however shown that yPg G -D(e ?) for some 
positive P for SRPF model. 

The family of probability measures fij^^^ , which is our main object in this paper, 
is defined on the set of cadlag paths, and its pair potential is unbounded. We prove 
that fiT converges to a probability measure fi^^^ in the local weak sense as T — )■ oo. 

This paper is organized as follows: Section [2] is devoted to defining the SRPF 
Hamiltonian Hqf in both a Fock space and a function space to study the semigroup by 
a path measure. In Section [3] we construct a Feynman-Kac type formula for Hqf. In 



Section Hlwe show the essential self-adjointness of Hqf. In SectionOwe define the self- 
adjoint operator Hk of the SRPF Hamiltonian with a potential in the relativistic Kato- 
class, and show that some stochastic process is martingale by which a spatial decay of 
bound states is proven. Section O is devoted to showing a Gaussian domination of the 
ground state and the existence of an infinite volume limit of finite Gibbs measures. In 
Section [7] we give comments on a model with spin 1/2 and model with a fixed total 
momentum. Finally in Appendix we give fundamental tools of probability theory and 
proofs of some equalities used in this paper. 

2 Semi-relativistic Pauli-Fierz model 

2.1 SRPF model in Fock space 

Let us begin by defining fundamental tools of quantum field theory in Fock repre- 
sentation. Let W = L^(M'^ X {1, .., (i— 1}) be the Hilbert space of a single photon in 
(i-dimension, where Mf^ x {l,..,d—l} 3 {k,j) denotes the pair of momentum k and 
polarization j of a single photon. We denote the n-fold symmetric tensor product of 
W by ®"yinW for n > 1 and set ®sym^ — ^' where C is the set of complex numbers. 
The boson Fock space describing the full photon field is defined then as the Hilbert 
space ^ = ®Zo (®"ym>V) with the scalar product (*,<l>),^ = E"=o(^^"^ "^^"^^w 
for * = 0^=0^^"'' a^d ^ = 0^=0 '^^"''- Ahernatively, ^ can be identified as 
the set of ^^-sequences {^(")}^=o with ^^=0 ll*^"^lll?^w < oo- The vector l^b = 
{1, 0, 0, ...} G ^ is called the Fock vacuum. The finite particle subspace c^fin is defined 
by ^fi„ = |{^(")}^^=o e ^1^*'"^ = for Vm > M with some m\. With each / G W 
a creation operator and an annihilation operator are associated. The creation opera- 
tor at(/) : ^ ^ ^ is defined by (at(/)^)(") = y/ES^if ® ^(""i)) for n > 1, where 
Snifi ® ■ ■ ■ ® /n) = (l/'^O J2nG6n f<^) ® ' ' ' ® fnin) IS the symmetrizcr with respect to 
the permutation group ©.„ of degree n. The domain of a^(/) is maximally defined by 
D(at(/)) = {{^(")}^^o G ^ I Er=i"'ll'5n(/® ^^""^^)f < oo}- The annihilation op- 
erator a(/) is introduced as the adjoint of a^{f), i.e., a{f) = («"''(/))*. Both a^(/) and 
a{f) are closable operators, their closed extensions is denoted by the same symbols. 
Also, they leave ^an invariant and obey the canonical commutation relations on ^an'- 
[a(/),a"^(fi')] = (/,fi')l, [a(/),a(fi')] = and [a^{f),a^{g)] = 0. The dispersion relation 
considered in this paper is chosen to he uj{k) = \k\ for k G M*^. We denote / the Fourier 



transformation of / G L^(]R'^). We use the informal expression Xl^i /'^"(^jJO/I^; i)d^ 
for a''(/) for convenience. Then the quantized radiation field smeared by / G L^(M'^) 
is defined by 

Mf^^) = E4 f^-i=^(aHk,3)e-''^hk) + a{k,j)e^'^f{-k))dk (2.1) 






for each x G M and its momentum conjugate by 

n;.(/,x) = Y^±=je,{k,3).Mk){a\K3)e-''^f{k)-a{k,3y'^f{-k))dk, (2.2) 

where e{k,j), k G M'^, j = l,...,d— 1, are c? dimensional polarization vector such 
that e{k,j) ■ e{k,j') = 6jj/ and k ■ e{k,j) = 0. From canonical commutation relations 
it follows that [A^{f,x),n^{g,y)] = i J 5-^^{k)f{-k)g{k)e'''^''-y^dk , where 5^^{k) = 
Sfiu — k^ky/\k\'^ denotes the transversal delta function. The quantized radiation field 
with a fixed ultraviolet cutoff function c^ is then defined by 

A^{x) = A^{^,x). (2.3) 

By k ■ e{k,j) = 0, the Coulomb gauge condition 

V, ■ Aix) = (2.4) 

holds as an operator. A standing assumption in this paper is as follows. 



Assumption 2.1 We suppose that (p{k) = 0{—k) and (pj \fijj G L'^i^\ 

We also introduce an assumption. 

Assumption 2.2 We suppose that bj^fbj(p^ a/(^, (pj \fbJ G -/^^(R"'). 

Under Assumption 12.11 A^{x) is a well-defined symmetric operator in t^. By the 

°2^ IIA (x)"$|| 
fact that y — < oo for $ G ^-an-, and Nelson's analytic vector theorem 

n=0 

|Nel59] ■ the symmetric operator A^{x^\_gF^^ is essentially self-adjoint. We denote its 
closure A^j{x)\ ,g:^^^ by the same symbol Ay,[x). 



Next we define the free quantum field Hamiltonian on ^. The free quantum field 
Hamiltonian is defined as the infinitesimal generator of a one-parameter unitary group. 
This unitary group is constructed through a functor F. Let '^[X — )■ F) denote the set 
of contraction operators from X to Y . We set "^(X) for ^(X — )■ X) for simplicity. 
Functor F : ^(W) -^ ^(=^) is defined as F(T) = 0^^=o[®"^]' ^^ere ®°T = 1. For a 
self-adjoint operator h on W, F(e**''), t G M, is a strongly continuous one-parameter uni- 
tary group on ,'^ . Then by Stone's theorem there exists a unique self-adjoint operator 
dF(/z) on ,^ such that F(e**^) = e***^'"(''\ t G M. dF(/i) is called the second quantization 
of h. Let uj be regarded as the multiplication operator / h-> ijj{k)f{k,j) = \k\f{k,j). 
The operator dF(u;) is then the free quantum field Hamiltonian. 

The Hilbert space describing a state space of a single electron is L^(]R'^). The semi- 
relativistic electron Hamiltonian on L^(]R^) with a real- valued external potential V is 
given by 

Hp = v^P^ + m2 - m + V. (2.5) 

Here p^ = X]u=i pL ^ ^^-cts as the multiplication operator in L'^{M.'^), and m > 
describes the mass of an electron. We regard ?72 > as a non-negative parameter and 
it is allowed to be ?n = 0. The state space of the joint electron-field system is 

=^Fock = Iv2(M^)®^. (2.6) 

To define the quantized radiation field A we identify J^ock with the set of ^^-valued 
L^ functions on R*^, i.e., .^ock — J^d'^dx and A^ is defined by A^ = J^j^A^{x)ix 
with the domain D(A^) = {F e J®^ ^dx\F{x) e D{A^{x)) for a.e. x G M^}. Hence 
{Af,F){x) = A^{x)F{x) for F{x) G D{A^{x)) and A^ is self-adjoint. We obtain the 
quadratic form 

1 '^ 
($, *) h^ - ^((p^ ® 11 - aA^)$, (p^ ® 11 - aA^)*) (2.7) 

with the form domain C^{M.'^) (8> =^fin- The quadratic form (12. 7p is semi-bounded and 
symmetric. The self-adjoint operator associated with the Friedriches extension of the 
quadratic form (12. 7p is denoted by h.A- Thus in particular 

hA = ^ip(E)t-aAf (2.8) 

onCo"^(R'^)®^fin. 
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Definition 2.3 (Definition of SRPF Hamiltonian) The SRPF Hamiltonian is 
defined by: 

{2hA + m^Y/^ -m + V(^l + l®dT{uj) (2.9) 

with the domain D((2h^ + m^)^/^) fl D{V (g) 11) fl D(]l (g) Hj-ad) under AssumptionlKH 

2.2 SRPF model in function space 

In order to construct the Feynman-Kac type formula of the semigroup generated by the 
SRPF Hamiltonian we prepare some probabilistic tools for the field and the particle. 
Let us use a ,^-space representation instead of the Fock representation. Define the 
field operator A^(/) by 

1 '^~^ r 
Mf) = 7f Ey ^/^(^'^■) {Kk)a\k,j) + fi-k)a{k,j))dk 

and the d x d matrix D(A;) by D(A;) = (5't^{k)Y for k ^ 0. Consider the bilinear 

form q^ : ©'^^^(M'^) x ©'^^^(M'^) ^ C defined by qm(/,^) = | ^.(/(A;), D(A;)^(A;))dA:, 
where {x,y) = x ■ y denotes the standard scalar product on C^. Then we have 

T.t^u=ii^t^ift^)^h,A^{9u)^h).^ = qm(/,^)- 

We introduce another bilinear form qe : ®'^ L"^ (R'^^'^) x ©''L^(M'^+^) ^ C by 

qe(F, G) = \ f {F{k, ko), D{k)G{k, ko))dhiko. (2.10) 

Note that D(/c) is independent of fco ^ I^ in the definition of qe. We denote q^{K,K) 
by <i#{K) for simplicity, where q# stands for qm and qc. 

Let S\{M.'^) be the set of real- valued Schwarz test functions on M"'. Let =S = 
(©'^^m(M'^))' and ^e = (©°'^m(M^+1))'. Here X' denotes the dual space of a locally 
convex space X. We denote the pairing between elements of ^ and ©'^o5^(M'^) by 
(0: /)m G M for G .^ and / G ©'^=^k(K'^)- We denote the expectation with respect to 
a probability path measure P^ starting from x at t = by Ep[- ■■] = /■■■ dP. By the 
Bochner-Minlos Theorem there exists a probability space (^, Sm, /im) such that Sm is 
the smallest a-field generated by {(</>, /)m|/ G 0„=i -5^(1^'^)} and (</>, /)m is a Gaus- 
sian random variable with mean zero and the covariance given by E^^^ [(0, /) (0, g)] = 
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qm{f,g)- Then we have 

E^.. [e*<'^'^>-] =e-5q-(/'/). (2.11) 

Since (0, Sfiuf) is a .^-representation of the quantized radiation field with the ul- 
traviolet cutoff function / G c5^k(]R''), we have to extend / G S^^{M.'^) to a more general 
class since our cutoff is {^/^/uy E L^iR"^). For any f = ^f + iQf e 0^^^ ^(M"^) we 
set (0, /)m = (0, 3f^/)m + i{(p, S/)m- Let 

^ = 0L2(M'^). (2.12) 

Since ^(M'^) is dense in L^{R'^) and the inequality Xg |(0, /)mpd/irn < ||/|L^^ holds by 
(EmD, we can define (0, /)m for / G ^ by (0, /)m = s-lim„_,oo(0, /n)m in I/^(=S), 
where {fn}'^=i C 0^=i <5^(M'^) is any sequence such that s4im„_^oo fn = f vci- ^ ■ Thus 
we define the multiplication operator A(/) by 

(A(/)iO(0) = (0,/)^F(0), /G^ 

in L2(^) with the domain D(A(/)) = {F G L2(^)| /^ |(0, /)^F(0)|2d;Um < oo}. De- 
note the identity function in L^{^) by 11^ and the function A(/)ll^ by A(/) unless 
confusion may arise. It is known as the Wiener-Ito decomposition that 

oo 

L^(^) = 0L^(^) 

n=0 



with Lli^) = L.H. \^U]=iHfj)-\fj e -^, J = l,2,...,n}. Here Ll{^^) = C and :X: 

denotes Wick product recursively defined by :A(/): = A(/) and '-^{f)YYj=i-^ifj)'- = 

A(/):n;=iA(/,): - E;=iqm(/,/,):n;^.A(/,):. We set A,(/) = A(e;^, <5.,/) for 

/ G L'^iR^). Let 

d 

^ = 0L2(M'^+1). (2.13) 

Similarly we can define the Gaussian random variable Ac(/) labelled by / G t? on a 
probability space {J2c, Se,/ie) with qm replaced by qc in (12. lip . In particular 

E^^ \^^(^'f)^] = e-|q-(/'/) (2.14) 
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and (Ae(/)iO (0) = (0, /)ci^(0) hold for / G ^. 

We define the second quantization on L'^{^). Let T e ^(L2(R'^)). Then T{T) E 
^{L\^)) is defined by V{T)1^ = 1^ and r(T):n;=i A(/,): = iflj^i A(r/,):. For 
T G <^(L2(R'^+i)) (resp. ^(L2(M'^) -> L2(M'^+1)), r(T) G ^(^^(^e)) (resp. T{T) G 
'^(L^(^) — )■ L^(,^c)) is similarly defined. For each self-adjoint operator /i in L'^{W^) 
(resp. L^(M'^+^)), r(e**''), t G M, is a one-parameter unitary group on LP'i^^) (resp. 
L?{^e))- Then there exists unique self-adjoint operator dV{h) in L'^{^) (resp. L^(^e)) 
such that r(e**'') = e**'^^^'^) for all t G M. We set 

H,,d = dr(a;(p)), Pf^ = dr(p^), N = dr(]1^2(i,.)) (2.15) 

in L^(^), where a;(p) = |p| = yp^. We also set 



Hrad = dr(i®a;(p)), Pf^ = dr(a®p^), N = dr(]i® 1^2 («.)), (2.16) 

where we identify L^(R.'^^-^) = L^(]R) ^ L'^(R.'^). Hrad denotes the free field Hamiltonian 
of L^(^), Pf the momentum operator and N the number operator, and Hrad? Pf and N 
the Euclidean version of Hrad, Pf and N, respectively. The spaces L^(<S) and L?{^e) 
are connected by the family of isometries. Let ]t : L^(M"') — )■ L'^{W^^^), t G M, be the 
family of isometries such that (j^/, jtfi')L2(Kd+i) = (/, e~l*~^l'^^)i2md), and then J^ = r(jt 



t G M, turns to be the family of isometry transforming L^{^) to L^(^c) such that 
(Js$, Jt\l/)i2(^^) = ($,e~l*~''l"'-''d<|))^2^^^, ^VVe have the relations: 



J<H,ad = H.adJt, JtN = NJi, JiPf = PfJi. (2.17) 

It is known that ^, Af^{f) and dr(/i) are isomorphic to L^(^), A^(/) and dr(/i(p)), 
respectively, where h is the multiplication operator by h. That is, there exists a unitary 
operator U : ^ -^ L^{^) such that (1) Ul^b = ^L^is), (2) U ®^y^ ^ = Ll{^), (3) 
UA^(/)U"^ = A^(/), and (4) Udr(/i)U"i = dr(/i(p)). We set 

J^ = L^{R'^)(g)L'^{^). (2.18) 

Through the unitary operator U = l(S)i] : L'^{W^) (g) ^ -i- Jif the SRPF Hamiltonian 
is defined as an operator on Jif. Let 

A = {ip/V^)\ (2.19) 

13 



where / denotes the inverse Fourier transform of / in L^(]R'^). Set A^(A(- — x)) = 
^{®u=i ^fj-f^i' ~ ^))- Then the quantized radiation field with cutoff function ip defined 
by A^ = Jjgd A^(A(- — x))dx. Then A is a self-adjoint operator in J^ under the identifi- 
cation: Jif = Jjgd L^(,^)dx. We next define (p — aA)^ by a quadratic form. Let L|jj(=S) 
be the finite particle subspace of L'^{^). Then we define the quadratic form by 

1 '^ 
($, M/) ^ - ^((p - «A)^$, (p - aA),^) (2.20) 

for $, \E^ G J^. The self-adjoint operator associated with the Friedriches extension of 
the quadratic form (12.201) is denoted by hA. 

Definition 2.4 (Definition of Hp) The SRPF Hamiltonian in the function space Jif 
is defined by 

Hf = Tkin + V + H,ad, (2.21) 

Tkin = (2hA + m2)i/2-m (2.22) 

with the domain D(Hf) = D(Tkin) n D{V) D D(Hrad)- 
We investigate Hp instead of (12.91) in what follows. 

3 Fey nman-Kac- type formula 

3.1 Markov properties and Euclidean groups 

Let (9 C M and we set 



Uo = L.H.{/ e Ll{R^+^)\f e Ranji with some t e O} 

and define the sub-a-field S^ = a (Ae(/)|/ G Uq). We also set S^g} = S.,. We define the 
projection co '■ L|(]R'^+^) — )■ Uq and the second quantization T{eo) '■ L^{^) — )■ L^(^c) 
is denoted by Eq. Hence EqL'^{J2) is the set of S^-measurable functions in L2(^e)- 
Moreover we set Es = JsJs- Then Eg = E^s} follows. Let E^j^ f^lSo] be the conditional 
expectation of $ G L^{^c) with respect to So, i.e., p = E^^ [$|Sci| is the unique L^- 
function such that it is Sc)-measurable and E^^ [\E^<J^ = E^^ f]//:^ for all S^-measurable 
function \E'. 
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Lemma 3.1 Let $ e L^{^e)- Then Eo^ = E^, P\^o]- 

Proof: We see that g = Eq^ is measurable with respect to So and E^^ ^ (^ = 
(\l/,_Eo<|)) = (\l/,$) = E^^ ^^ for all Eo-measurable function vp. Thus the lemma 
follows. □ 

The property below is known as Markov property |Sim74] : let a < 6 < i < c < d, 
then E^a,h]EtE[c,d] = -£'[a,b]-S[c,d] follows. From this property we can see the corollary 
below: 

Corollary 3.2 It follows that E^^ |$|S(„oo,si] = E^^ P'l^j for all ^^[s^^ymeasurable 
function $. 

Proof: We note that E(^_^^s]E[s,oc)^ = E^_^^,]EsEis,oo)^ = EsE^,^^)^ by the Markov 
property. Then the lemma follows from Lemma [3. II and Eg = E^g}- ^ 

We introduce the second quantization of Euclidean group {ut, r} on L^(]R'^+^), where 
the time shift operator Ut is defined by Utf{xQ, x) = /(xq — t, x) and the time reflection 
r by rf{xo,x.) = f{—XQ,x.). The second quantization of Ut and r are denoted by 
Ut = T{ut) : L\^,) ^ L\^,) and R = T{r) : L\^,) -^ L^{X), respectively. Note 
that r* = r, rr = r*r = 11, uj' = u„t and u^Ut = 1 and that Ut and R are unitary. 
The time shift Ut, the time reflection r and isometry jt satisfy the algebraic relations: 
Utis = is+t and rjs = j_sT. From these relations it follows that UjJ^ = J^+f and 
RUs = U_sR as operators. 

3.2 Feynman-Kac type formula and time-shift 

We construct a Feynman-Kac type formula of e~*^^ in this subsection. 

Let (r2p,i3p,P^) be a probability space, and {Bt)t^R the (i-dimensional Brownian 
motion on whole real line M on {Qp,Bp,P^) starting from x at t = 0. See Appendix 
A for the detail of the Brownian motion on whole real line M. We also introduce a 
subordinator (Tt)t>o on a probability space {Q^y, B^^ v) such that 

The subordinator (Tt)f>o is one-dimensional Levy process and indeed given by Tt = 
inf{s > 0|-B] + 7713 = t}, where {Bl)t>Q denotes the one-dimensional Brownian motion. 

15 



Path [0, oo) 9 t — 7- Tj G [0, oo) is nondecreasing and right continuous, and the left hmit 
exists almost surely in v. The distribution pt{s) of Tt, t > 0, on M is given by 



y Ztt 



exp (-9 ( ~ "^ ^^^] ) -^[0'°°)('^) '^^•^^ 



and thus El[f{Tt)] = J^ f{s + x)pt{s)ds. Notice that El[Tt] < 00 ii and only if m > 0. 
We need to define a self-adjoint extension of Hp, which is constructed through a func- 
tional integration. The idea is a combination of Proposition l3.4l below and a subordina- 
tor {Tt)t>Q. In quantum mechanics, the path integral representation of the heat semi- 
group generated by the semi-relativistic Schrodinger operator \/{p — a)^ + 171"^ — m + V 
is given by 



(/,e-*(V(p-«)^+-^— +^)^) = [dxE^pi\f{B^g{BT,)e-^onBTs)ds^-ifo^'a(B.)odB. 



(3.3) 



Here J^ ' a{Bs) o dBs is defined by J a{Bs) o dBs evaluated at T = T^. Although 
the SRPF Hamiltonian is of a similar form of ^/(p — a)^ + rn? — ?Ti + V, it is not 
straightforward to construct the Feynman-Kac type formula of e~*^^. The case of 
a = is however immediately given by 

We shall extend this formula for an arbitrary value of a. By the quadratic form given 
by fl2.20p the self-adjoint operator hA is defined by the Friedrichs extension. In general 
self-adjoint extensions are not unique, and it is also not trivial to signify an operator 
core of hA. As is shown in the proposition below we can however show the essential 
self-adjointness of hA by means of functional integral approach under some conditions. 
Let C°°(N) = n^^D(N"), where we recall that N denotes the number operator. We 
define the L^(M'^)-valued stochastic integral /^ A(- — Bs)iB^ by 

/ A(- - B,)iB^ = s-hm J2K- - 5*.-J(5i: - 5"- J 

in L2(fip X M^, dx ® rfP^') with tj = tj/2''. 
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Proposition 3.3 Let h be closed and the generator of a contraction semigroup on a 
Banach space. Let D be dense and D C D{h), so that e~*'^£) C D. Then D is a core 
ofh. 

Proof: See jRS75l Theorem X.49] . □ 

Proposition 3.4 Suppose Assumptions \2.1\ and \2.2[ Then hA is essentially self- 
adjoint on D(p^) n C°°(N), and it follows that 

(*,e-*'^^<l')= /"dxE^ [(^(So),e-'"^(^[°'*l)$(5j))l , (3.5) 

where k[0, t] = 0^^, /„* A(- - 3^)13^. 

Proof: We show an outhne of a proof. See [HirOObt Theorem 2.7] and |LHBllt Lemma 
7.53] for details. By the Riesz theorem the right-hand side of (13. 5 p can be expressed as 
(\1/, St^) with some bounded operator St. We can check that St, t > 0, is symmetric 
and strongly continuous one-parameter semigroup. Thus there exists a self-adjoint 
operator K such that St = e~*^. We also see that e~^^ leaves D(p^) nC°°(N) invariant 
and K = hx on D(p^) fl C°°(N). Thus the proposition follows from Proposition 13.31 □ 

The path integral representation of the semigroup generated by the semi-relativistic 
Schrodinger operator can be constructed by an combination of the d- dimensional Brow- 
nian motion {Bt)t>o and a subordinator {Tt)t>o. In a similar manner we can see the 
lemma below: 

Lemma 3.5 Suppose Assumptions IK7\ and lKM Then 

(^^e-^T^'-^^) = /dxE;;;'J(^(5To),e-^"^(^[°'*l)<l>(5Tj)] , (3.6) 

where K[0,t] = QjJ^^ J^' A(- - Bs)dB^ is defined by 0^^^ /^f A(- - 5,)d5^' evaluated 
atT = Tt. 



Proof: Since (^,e"*'^kin$) = ^o J^^xE 



(^(ETo),e-*"^(^lO'*l)$(5Tj) 



by Proposi- 



tion [33] and (13. ip . and we can exchange j du and Jdx by Fubini's lemma, the lemma 
follows. □ 
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By Lemma 13.51 we see that D(Ty_i^) n /^(Hj-ad) is dense. Then we can define the 
quadratic form sum ( |Kat66] ) Tkm + Hrad = Tkm, + Hrad- Let V be bounded. Then by 
the Trotter-Kato product formula [KM78J we have 

/ 

Using this formula we construct a Feynman-Kac type formula of e"**^"'"'"'""'"^''''^"'"^'' for 
a bounded V. We define an L^(M'^"''^)- valued stochastic integral J^ jsA(- — Bs)dB^ by 
the strong limit: 



/ j,A(- - B,)dB^ = s-hm V / J5+(T-s),_,A(- - B,)dBi^ (S.i 



in L2(M'^+i X np,dx ® rfP^') , where (T - S)j = (T - S)j^. We give a remark on 
notation. Notation A(- — Br) denotes the function A = A(-) shifted by Br- We denotes 
the image of A(- — 5^) by the isometry j^ by j(A(- — Bg). More precisely 



j,A(- - Bs){ko, k) = ^J \ =X{k)e-^'^% {ko, k)eRx R^. 

Let us recall the family of projections: Et = JtJf , t G M. 

Lemma 3.6 Suppose Assumptions \2. 1\ \2.^ and that V G C^(R'^). Then 

F, fe^2^'^king-2^Hradg-2V^\ Q 



r r 9^ i 



(3.9) 



where 



d 2 T 

In[O'^] = 0E / ''ViA(--i?.>i5,^ (3.10) 



r-Tt, 



with tj = tj/2"', and J^ ^ jt _iA(- — Bs)dB^ denotes L'^(W^^^) -valued stochastic integral 
/rJtj_iA(- — BsyiB^' evaluated at T = Tt^^^ and S = Ttj. 
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Proof: By the formula J^Jg = e '* ^^l^'^d^ the scalar product in the integrand on the 
right-hand side of f l3.9p equals to 



JoF(5To),n(Vie 



and we see that 



tj_i 



-i°A{e^^,/J^^^A(-B,)dB^ 



-iaAiffif,. f^'^ A(— Br-MsA 






■i-i 



(3.11) 



by the definition of J^ and Et- Then by the Markov property of Eq, E[s can be removed 
in (13. lip and thus the lemma follows. □ 

(I„,[0, t])i>o can be regarded as an ^-valued stochastic process on the product prob- 
ability space (r2p x Vt^.B-p x By, P^' ®v). By the Ito isometry we have 



E^[l|In[0,t]|||]=rf5^E^ 



Tt, 



^S-l 



itj_iA(- - Bs)\\^2r^d+lAs 



dT,\\^lV^\\\ (3.12) 



We will show that ln[0,t] has a limit as n — )■ oo in some sense. Let o/^ G 0,^ be a 
null set, i.e., v^jVy) = 0, such that for arbitrary w E Qu\ ^u, the path t i— )■ Tt{w) is 
nondecreasing and right-continuous, and has the left-limit. 

Lemma 3.7 For each w E Q,y \ jVy the sequence {l„[0,t]}„ strongly converges in 
L^(r2p,P^') (g) <f as n — )■ oo, i.e,. there exists an l[0,t] E L'^{D.p,dP^) (g) £' such that 
limE^[||l40,t]-I[0,t]|||] =0. 

n— 5>oo 

Proof: Set !„. = l„,[0,t]. It is enough to show that {I„}n is a Cauchy sequence in 
L2(fip, P-) ® ^. We have Ui - I„ = 0;;^, ^Li 1^""' (J*--i " Jt..-.)^(- " ^«>i^^ 
where t^- = tj/2"+i. Thus 



E^[||I„+l-I„||^]=rfJ]E: 



m=l 



Tt, 



||(jt2m-l ~ Jt2m-2)'^(' ~ -^S ) i | ^2 md+1 ) ds 



r*. 



by the Ito isometry (13121) . Notice that ||(jt - js)/lP = 2(/, (1 - e"!*-"!^)/). Thus 
E^[||Ui - IJII] < d Yl 2(^/v^' (^ - e-^")(^/v^)(T,,„ - T,,_ J. 



m,=l 
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Since Tt = Tt{w) is not decreasing in t ioi w & VL^\ ^, Z]m=i(^*2m - ^t2m-i) < ^i 
follows. Thus Ef^[||I„+i - I„|||] < dTt^||(^/^|p. Hence we have 



n[¥m-in\\l]< L/dfrM/M\ E (ti^ 



.>2 



j=n+l 

for m > n. The right-hand side above converges to zero as n, ?7i — !■ oo. Then the 
sequence I„ is a Cauchy sequence for almost surely u. Then the lemma follows. □ 

Remark 3.8 Integral 1[0, t] is informally written as I[0, t] = 0)^^^ J^^' Jt; A(- - Bs)iB^. 
Here T* = inf{t|Tf = s} is the first hitting time of {Tt)t>o at s. 

In a similar way to l[0,t] we define l[s,t] by the limit of 

In[5,t] = 05^ / ' '' j,+(,_,)^_,A(--5,)di?,^ (3.13) 

with (t — s)j = (t — s)j/2" in L^(r2p,P^) (8> ^. Moreover it can be straightforwardly 
seen that l[s,t] coincides with the limit of subdivisions 

I4^,^] = 0E / "^^ J,,(^--).,-.A(--i?.)di?.^ (3.14) 

*+ a 

for arbitrary a G N. We show some properties of l[a,b] in Appendix B. 

Lemma 3.9 Suppose Assumptions \2. 1\ and \2. 2[ Let V be relatively form bounded (resp. 
bounded) with respect to (p^ + m?Y^'^ with a relative bound a. Then V is also relatively 
form bounded (resp. bounded) with respect to Tkin + Hrad with a relative hound smaller 
than a. 

Proof: Let sgnF(x) = ( f (^^/H^^^^H^^^^) \IW,''^'''^1 Let . > be sufii- 

ciently large. Let ip G C^(M"') and ip{x) > 0. We show the case of form bounded. 
Substituting the vector F = sgn((Tkin + Hrad + z)~^^'^G) ■ tp G Jif in the diamagnetic 
inequality \{F,{T^,^ + R,^ + z)-'/^G)\ < (|F|, (^P^ + m^-m + H^ad + z)-'/^\G\), we 
see that 

(V',||(Tkin + Hrad + ^)-^/'G)(-)|U2(^))<(V^,(v/i^T^-m + ^)-V2||G(.)|U2(^)). 
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Thus l|((Tkin + Hrad-2)^'/'G')(a;)|U2(^) < (^P^ + m^ -m-2)-V2||G'(x)|U2(^) follows 
for almost every x G M°', and 



\\\V\"\Ty,^ + n,.,A- zY^'^GU <\\\V\^'\^f^^+m^ -m- zr"^G\\ 
are derived. Then the lemma follows. □ 

If l^ G Ll^M"^)^ then D(Tkin) H D(Hrad) H DiV) is dense. Let V = V+- y„, where 
V+ = max{y, 0} is the positive part of V and V^ = max{— V, 0} the negative part. 

Definition 3.10 (Definition of Hqf) Suppose Assumptions \2. i] and {KM Let V = 

V+ — VI be such that V+ G Ll^^{M.'^) and VI relatively form bounded with respect to 
(p^+TTi^)-*^/^ with relative bound strictly smaller than one. Then the self-adjoint operator 
Hqf is defined by 

Hqf = Tkin + V; - y_ + Hrad, (3.15) 

where ± denotes the quadratic form sum. 

We now construct a Feynman-Kac type formula of e"*^'^^. 

Theorem 3.11 Suppose Assumptions \2.i\ and \2.2[ Let V = V^ — V^ be such that 
VV G -^^^^^(IR^) and V^ relatively form bounded with respect to (p^ + m^)^/^ with relative 
bound strictly smaller than one. Then 

(F,e-*«<^^G)^ = /dxE^;,H(JoF(Sro),e-^"^°(i[°'*l)j,G(i?rJ) e" /o v^Ci^Tjd.l _ ^g^^g) 
Proof: By the Trotter product formula (13.91) we have 
(F,e-*"Q^G)= lim (f, (e-^^^'-e-^^^^^e-^^y g\ 



Suppose that V is in G^(R'^). By Lemma [XS] and the dominated convergence theorem 
we can show that the right-hand side above converges to that of fl3.16p . For general 
V, by monotone convergence theorems for both integrals and quadratic forms, we can 
establish f l3.16p . See |Sim05t Theorem 6.2] and |LHBllt Theorem 3.31]. □ 

We can shift the time in the Feynman-Kac type formula. We see it in the corollary 
below. 
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Corollary 3.12 Suppose Assumptions \2.1\ and \2.B. Let V = V^ — V^ be such that 



1 tTU>d\ 



an 



d V- relatively j or m bounded with respect to (p^ + m^)^/^ with relative 



bound strictly smaller than one. Then 



(F,e-2*HQFG),^ 



dxK 



x,0 



i^-tFiB. 



Tt),e 



-mAe(I[-t,0]+I[0,t]) 



JiG (5tJ) e- ^- ^(^---^ )<i^-^o viBT. )d^ 



(3.17) 



where I[— t, 0] is defined by 



-(U-t) 



IH,0] = lim ^ / ^ J-(t,_,-*)A(- - 5.>15^ (3.18) 

Proof: This is proven by means of the shift U^ in the field and the facts that Tg—Tt 
Tg^t in law- By Theorem 13.111 we have 



(ir,e-2*«QFG) 



and 



dxE 



.^ 



x,0 



da;E: 



1,0 

PXi/ 



(JoF(fiTo), e-^'^^^^^l"'^*]) J2*G(i?r.J) e' 



-/,f i/(BTjd; 



PX!/ 



By the shift of the Brownian motion, Bt — t- -Bi-r^ , we have 



where S" = lim V" / jt,_i-iA(- - Bs)dB^ and, since T^ - Tj = T^-t for 

s > t in law, we can check that 

ViBT^.TMs= V{B^^T._^))ds+ / V(i?^_)d.= ViB^T.Jds+ ViBrJds. 
Jo Jt J-t Jo 

Furthermore we have 

E / j*,_,-*A(- - i?.)di?,^ 

i=l -^^ij-l"^' 

2" _7^ 2"+2" 7" 



i=i "-^-(',-1-*) 



=2"+l ^*i-i 



22 



Then the theorem follows. 



D 



Remark 3.13 For the notational convenience we denote I[— t, 0] + l[0,t] by I[— t, t] = 
0^=1 J% iT^Xi- - B.,yiB^, and j'^ V{B^T^Jds + /„* V{BtMs by jl, V{BtMBs. 

For later use we construct a functional integral representation of the Green function of 
the form: 



Corollary 3.14 Suppose Assumptions \2.1\ and \2.'A Let V = V+ — V^ be such that 
V+ E Ll^^{W^) and V- relatively form bounded with respect to (p^ + m^)^/^ with relative 
bound strictly smaller than one. Let —00 < to < ti < ■ ■ ■ < t^ < 00 . For Fq, F„ G J^ 
and Fj = Fj{x,A{pj)) G L°°(M'^) ® L°°(^), it follows that 



(Fo,e"(*i"*")"QPFie"(*2-ti)HQP . . . Fn-ie''^^"-^"-''^^'^^ F^)^ 



dxE^ 



x,0 



/n-1 



hFoiBrJ, [llFAe-^-^'^'^'^'^''-^^J,F^{Brj]e 



itViBr^ds 



(3.20) 



Here Fj = Fji^Bxt . , AeQi^ (Pj))); J = I, ■■■,n — 1, and Tg = —T^s for s < 0. In particular 
(/ ® ll,e-(*i-*»)^QFllAie-(*2-*i)^QP ■ ■ ■ ]lA„_ie~^*""*"-^^"'^^^)j^ 



jdx^t. fiBrJ [U^A.iBA giBrJ (ll,e-^^(i[*-*"])]l) e"^" ^^^-^^^ 



. (3.21) 



Proof: Note that Fj, j = 1, ...,n — 1, can be regarded as bounded operators. Thus 
the corollary can be proven in a similar manner to Theorem 13.111 and Corollary 13.121 
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4 Essential self-adjointness 
4.1 Burkholder type inequalities 



In this section by using the functional integral representation derived in Theorem 13.111 
we show the essential self-adjointness of Hqf for arbitrary values of coupling constants. 
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To prove this we find an invariant domain D so that D D D(Hqf) and e *^QfZ} c D. 
Then Hqf is essentially self-adjoint on D by Proposition l3.3[ The strategy is to estimate 
the scalar product {TF,e-*^^^G) as \{TF,e-^^^^G)\ < c{G,T)\\F\\ for all F, G G D(T) 
with some constant c{G,T), which implies that e~^^^^G G D(T) for G G D(T). 

By the Ito isometry we have 



E^°JP®^(pr/'l[0,t]|||] = dE^Zir ||c.(pr/^A(- -S.)||i.(j,.)dr 

Jo 



(4.1) 



In particular 



EpxUP®^(p)°^'l[0,t]|||] < <[r,]||a;("-i)/2^||i. 



(4.2) 



and the right-hand side above is finite in the case of rra > 0, since ]E°[Ti] < oo. We can 
also estimate E^^ [|| 1 ® u{p)''/H[0, t] |||] . 

Lemma 4.1 Suppose m > 0. Then the Burkholder type inequalities hold: 



E^°JP®c.(p)"/'l[0,t]||g<C||a;("-i 



)/2,ol|4 



lL2(iKd), 



(4.3) 



where G is a constant. 



Proof: It is known that by [HirOObt Theorem 4.6] 



Wp 



Jo 



2m 



L2(]Rd+l) 



— Om, II T \\ L, 



(4.4) 



d 2" 



Notice that l[0,t] 
L2fM^+i), and A„ 



rTt, 



s- hm Y, < ^ith a^^ = e;;^, j^^ u^_,K{. - i?,)di?,^ G 
: o;^"""^-'/^*^. We fix a yU and set a^ = a^ for 
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a;(p)"/2A and A 



simplicity, a,- and Oj are independent for i ^ j and then we have 



E' 



x,0 

PXi/ 



E' 






L2(Rd+l)_ 




Pxi/ 



aj(x)aj/(x)dx 



+ EEESi 



aj(x)^dx 






aj(x)^dx 






a,fx) dx 



aj(x)aj(x)dx / aj{y)ai(yyiy 
We estimate the first term of the right-hand side above. We have by 

aj{xydx\ 
By using the distribution (13. 2 p of Tt and the assumption m > we have 



E<^ 



on QJi 



T t 



2"+l 






aj(x) dx 



<6||a;("-i)/V|l' 



t 



-g2»»+l 

2V2vr JO 



1 



on + l , 



t \2 



m^s] 1 ds. 



The right-hand side converges to 

3t 



/2tt 



^{-l)/2^||4 



/ -y/sexp j — rri^s] ds 



as ra — 7- oo. The second term is estimated as 

2" 



J^Kt I aj{xfdx E^P^°i^ / 



aj{x) dx 



< 



J2^p^u j «i' 



x)'^dx 



By the Ito isometry we have 






aj{xYdx 



E' 



x,0 

PXi/ 



Tt 



A^{- - B,)\\Ms 



<K[Tt]\\co 



(a-l)/2^||2_ 
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Hence 



on 



ix) dx 



< (E°[T,])la;("-^)/2^r. 



Finally we estimate the third term. We see that 

2" 






aj{x)ai{x)lx aj{y)ai{y)dy 



< dx dy 



1 ./TUd+l 



2" 



^Ep;^°>j(x)aj(y)] 



i=i 



,Tt 



Note that Kp^^\ij{x)aj{yJ = E^^ Jj,^^ As{x,j)As{y,j)ds\, where we set As{x,j 
(ji,_iAa(- — Bs)){x). By the Schwarz inequality we have 



< dx dyE 



1 ./TUd+l 






< I dx I dyEZ 



j^y ' As{x,j)As{y,j)ds 



and the Fubini's lemma yields that 



E: 



a;,0 
Pxi/ 



=1 "^^*j-i 



dx 5^ / ^(x,jrds / dy[Y, A,{y,jyds 



" \~i-^^*.-i 



Then the lemma follows. 

4.2 Invariant domain and essential self-adjointness 

Let P^j = p^ ® 11 + 11 (8) Pf^ be the total momentum operator in J^. 
Lemma 4.2 Let V = 0. Then e-^t^t^e-^^QFe^t^f^ = g-^^Qp^ 
Proof: By the Feynman-Kac type formula we have 

(F,e-^*'*e-^"QPe^*'*G) 



dxEi 



x,0 



(JoF(5To),e-'*P''e-**Pf''e-'^'=(^[°'*l)e**Pf''e'*P^JiG(5Tj) 



Since e-^*P''e-^*Pf'^e-*^<=(^P'*l)e**Pf'^e^*P'^ = e-*^<=(i[°'*]\ the lemma follows. 



D 



D 
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Lemma 4.3 Suppose Assumptions \2.A and \2.S[ Let V^ = 0. For F G D(p^j) and 
G e D(p^) n D(H;f^) It follows that 



(p^F,e^*^<^-G) < C (dlv^^ll + ||(^||)||(H,,d + ly/'GW + ||p,G||) ||F||. (4.5) 

Proof: Notice that (e*"P''F,e-*"QPG) = {e-''^i^F,e-^^'i^e-''^^G). Then 

{e''P^F,e-'^'i^G) = /"da;E^°^ \(joF{BTo),e'^''^'^e-'"^^^^^e-''^'^Jte-'''^'^G{BT, 



(4.6) 

Here and in what follows in this proof we set I = ©^I'^ = l[0,t]. We see that 
e+i^P^^Q-ic^Mi)Q-i^P^^ = g-iaA,(e-(i«PA.)i)_ r|.^j^g ^j^^ derivative at s = on both sides 
of dM]). We have 

(tp^F, e-*«<^^G) = fdxE'pi [(Joi^(5To), -^aAe^(zp^F)e-*"^^(i) J,G(5tJ)] 

+ fdxEZ [(JoF(5to), e-^"^^m J,(-zp,G)(i?rj)] . (4.7) 

It is trivial to see that 

'dxE^°J(JoF(i?^J,e-^"^°mj,(-zp^G)(i?^J)] < ||F||||p^G||. 

We can estimate the first term on the right-hand side of (14.71) as 

' dxE'Z [(Joi^(5r„), Ae^(zp^F)e-*"^='^(i'') J,G(i?, 

< [dxE-Z|\^c,i^V,lnhF{BT,)\\pMBTM 
By the bound l|Ae^(/)<l>|| < (||/|| + ||c^-V2/||)||(h^^^ + ^y/2^^ ^e have 

< /dxE^;,°J(||p,I|| + ||u;(p)-V2p^I||)||(H,,d + ]l)^/^F(5ro)||||G(i?, 



1/2 



and by the Schwarz inequality, 

r-,0 rni,;(p)iM|| + ||a;(p)V2iM||)^ ||(H,,d + ll)'/'F(x)f ) ||G|| 
<(||a;i/2^|| + ||^||)||(Hrad + ]l)'/'F||||G||. 



< I I dxE^^\[\\u[ 
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Then the lemma follows. 



D 



We define the momentum conjugate of Ae(/) by ne(/) = ^[Hrad, Ae(/)] in the 
function space. 



Lemma 4.4 Suppose Assumptions \2.1\ and \2.2[ Let V = 0. Then for F,G & D(Hi.ad) 
it follows that 

< (llHradGII + |a|(||v^^|| + ||(^||)||(H,ad + tY^'G\\ + |an|(^/v/^|n|G'||) ||F||. 
Proof: By the Feynman-Kac type formula we have 

(H,adF,e-*H<^^G) = /"dxE;;,°J(JoF(i?7^J,e-'"^^(i[°'*l)5JiG(5Tj)] , 

where S = e^°Ac(i[o,t])||^g-*aA,{i[o,t]) ^ j^ _ c^ne(I[0,t]) + a'^g with the constant 
g = qc(I[0,t]). It is trivial to see that 



dxE^°, [{hF{BT,), e-^-^^^^^H^adJiCl^T, 



< \\F\\mr..,G 



(4.8) 



In the same way as the estimate of the first term of the right-hand side of (14. 7p we can 
see that 



(4.9) 



dxE^°, [(JoF(i?To), e-*"^^mne(I) JtG(5T. 

<(||v/^^|| + ||^||)||F||||(H,ad + ]l)'/'G||. 



Here we used ||ne^(/)<l>|| < (||v^/|| + ||/||) ||(Hrad + t^^^^. Finally we see that 
g < C||I[0,t]||| and by the Burkholder type inequality (14.11) . 



>d 

1/2 



< C IJdxEZ\\mm'^ ll^(^)f) He'll < C||^/v/^f ||F||||G||. 



(4.10) 



Then the lemma follows. 



D 
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Theorem 4.5 (Essential self-adjointness) Let V be relatively bounded with respect 
to yp^ + rr? with a relative bound strictly smaller than one. Suppose that Assumptions 
\2.1\ andlEM (^i^d m > 0. Then Hqf is essentially self-adjoint on D(|p|) fl D(Hi.ad)- 



Proof: Suppose 1/ = 0. Let F g C^(M"') ® ^fin- Then we see that 



iHQpFf < Cill |p|Ff + Cspradi^f + CsllFf 



with some constants Ci, C2 and C3. Since C^(M'^) ® ^^^ is a core of |p| + Hrad, 

D(HQF)DD(|p|)nD(Hrad) (4.11) 

follows from a limiting argument. By Lemmas 14.31 and 14.41 we also see that 

e-t(T..„+H,.,) p(|p|) n j3(H^^^)) ^ p(|p|) ^ j3(Hrad)) . (4.12) 

(14. lip and (14.121) imply that T^in + Hrad is essentially self-adjoint on D(|p|) fl D(Hi.ad) 
by Proposition 13.31 Next we suppose that V satisfies assumptions in the theorem. By 
Lemma 13.91 V is also relatively bounded with respect to Hqf with a relative bound 
strictly smaller than one. Then the theorem follows by the Kato-Rellich thereom. □ 

Example 4.6 (Hydrogen like atom)Let c? = 3. A spinless hydrogen like atom is 
defined by introducing the Coulomb potential Vcouiomb{x) = —g/\x\, g > 0, which 
is relatively form bounded with respect to ^/^^+rn? with a relative bound strictly 
smaller than one ii g < 2/7r by jHer77] (see also |BElll Theorem 2.2.6]). Furthermore 
if 5^ < 1/2, Vcouiomb is relatively bounded with respect to -^/p^ + m? with a relative 
bound strictly smaller than one. Let Aa be the quantized radiation field with the cutoff 
function ip{k) = l\k\<Aik) / ^/(2^^)^ , where A > describes a UV cutoff parameter. By 
Lemma \3M, when g < 2/7T, V is relatively form bounded with respect to Tkjn + Hrad and 
Hqf is well defined as a self-adjoint operator. Furthermore by Theorem 14.51 when g < 
1/2, Hqf is essentially self-adjoint on -D(|p|) fl D(Hrad)- AH the statements mentioned 
above are true for arbitrary values of a G M and A > 0. 

5 Martingale properties and fall-off of bound states 

5.1 Semigroup and relativistic Kato-class potential 

In this subsection we define the self-adjoint operator Hk with a potential V in the 
so-called relativistic Kato-class through the Feynman-Kac type formula. Let us define 
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the relativistic Kato-class. 



Definition 5.1 (Relativistic Kato-class) Potential V is in the relativistic Kato- 
class if and only if 



Ex,0 



Xv{BT,)ds 



< CXD. 



(5.1) 



When V is in the relativistic Kato-class we can see that 



n{F,G) = /dxE^,HfjoF(i?ro),e-^"^^(^[°'*l)e-/o^(^-.)d^J,G(S^^; 



is well defined for all F,G E ^, and \rt{F, G)\ < q||F|| ||G|| follows with some constant 
Q. Then the Riesz representation theorem yields that there exists a bounded operator 
St such that rt{F,G) = {F, StG) for F, G G ^ and ||5i|| < q. By the Feynman- 
Kac type formula (13.111) we indeed see that {StG){x) = Ep |X'(G(i?Tj], where Xt = 

Q- /o V(Sr.)dr j*g-iaAe(I[0,i]) j^_ 

Theorem 5.2 Let V be in the relativistic Kato-class, and suppose Assumption \2.1[ 
Then St, t > 0, is a strongly continuous one-parameter symmetric semigroup. 

Definition 5.3 (Definition of Hk) Let V be in the relativistic Kato-class, and sup- 
pose Assumption \2.1[ The unique self-adjoint generator of St,t > 0, is denoted by Hk, 
I.e., St = e-^^^, t> 0. 

In order to prove Theorem 15.21 we need several lemmas: 



Lemma 5.4 Suppose Assumption \2.1\ Then St,t > 0, satisfies the semigroup prop- 
erty, i.e., SgSt = Ss-i-t for all s,t>0. 



Proof: We have {F,SsStG) 
Appendix we show that 



FXpi 



,Bt,,0 



X,Ep^;'^ ^tGiBrJ . By Lemma [Ol] in 



E: 



x,0 

where 



X^EpxV ^tG{BTt] 



K 



x,0 
Pxu 



X,e-^^'^'^(^^'-)'^"J*e-'"^^(^°l"'^+*])jiG'(5r^_ 



d 2" 



Io[s,s + t] = s-lim 0V 



"27!■J^ 



T 



iM^-i)K--Br)dBi^. 
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(5.2) 



(5.3) 



Since it is obtained that 



and J,Jn = UoJnJn = U,-Eo, we have 



^sJQJo 



(F, SgStG) 



F,Ki 



j*g-*aA.{I[0,.])u^^^g-iaAe(Io[.,.+t])g-/o+'V^(i3T.)drj^^^^^^^^- 



By the Markov property of projection Es, Eg can be deleted, and Us satisfies that 
U^g-iaAe(io[s,s+t])j^(^(^^^^^j = e-^"^''(^["''*+*l)Js+tG(5T,+J. Then by Proposition [Bj we 
have 



Then the semigroup property, SgSt = Sg+t, follows. 



(F, Sg+tG). 



n 



Lemma 5.5 Suppose Assumption \2.1\ Then St, t > 0, is strongly continuous in t and 
s— limS'j = 1. 

t-5>0 

Proof: It is enough to show that (F, StG) -^ (F, G) as t -> for F,G e G^iR'^) ® 
^fin- Let F = / ® ^1/ and G = g ® ^. Since V is in the relativistic Kato-class, we have 

1/2 



|(F,(^,-Il)G)|<C||F|u|y"dxE' 



x,Q 
Pxu 



-iaAo(I[0,i]) _ 



l)9iBTM\'\ 



Since g G C^(M'^), |5'(a;)| < alxi^) with some a and a compact domain K C 
have 

|(F, (5, - 1)G)\ < aG\\F\U |^dxE^;,°J||(e-^"^^(^[°'*l) - 1)<I>||^| . 

By the bound E ||(e-*"A-(i[M) _ i)$||2] < |a|||I[0, t]||||(N + ]l)i/2$||, we have 

(F,(^,-11)G)| < \a\aG\\F\U UdxEZP%t]\\'\ ll(N + 11)^/'$||} 

<v^a|a|C||(^/y^||||F||^. (Vda;') ||(N + ll)i/2^||. 
Then |(F, {St - 1)G)\ ^ as t ^ follows. 



we 



D 
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Lemma 5.6 Suppose Assumption \2.1\ Then St, t > 0, is symmetric, i.e., S'j* = 5'^ for 
allt > 0. 

Proof: Recall that R = r(r) is the second quantization of the reflection r. We have 



(F, StG) = / dxE: 



px,0 
"Pxu 



e /o v^(ST.)d. (joF(5To),e-^"^°('-^[°'*"j-iG(5Tj)J , 
and by the time-shift U( = T{ut), 

Notice that M^r I [0,t] = lim N^ / ]t-t^i^{- — Bs)dB^. Exchanging integrals frfP^ 
and Jdx and changing the variable x to y — Bx^ , we can have 

where Mfri[0,t] = lim V / jt_t._iA(- - (5, - 5^, +y))dB^. By Lemma [UJ in 
Appendix, we can see that 

(El = y"dyE°'L [e-/o^(^-.)<i^' (j*e-^°^<=(i[°'*l)j,F(y + 5^J, G(y))] = (S,F,G). 
Then the lemma follows. □ 



E' 



0,0 
Pxu 



(5.4) 



Proof of Theorem \5.2\ 

Lemmas 15. 4115. 61 yield that 5*4 is symmetric and strongly continuous one-parameter 
semigroup. Then there exists the unique self-adjoint operator such that St = e"*^^ by 
a semigroup version of the Stone theorem [LHBlll Proposition 3.26]. □ 



5.2 Martingale properties 

Let $b be a bound state of Hk and E eM. the eigenvalue associated with $b: Hx^b = 
£'$b- In this section we study the spatial decay of ||$b(a^)||L2(i2) as |x| — )■ oo. In order 
to do that we show the martingale property of the stochastic process {Xt{x))t>o'- 



Xt{x) = e'^e-^o V(BT.+x)d.g-*aAe(F[0,t])j^^^(^^^ ^ ^)^ ^ > Q^ 



(5.5) 
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on f2p X fi,^ X ,^c- Here F[0,t] is defined by l[0,t] with Bg replaced by Bg + x, i.e., 
F[0, t] = 0„=i /q ' jr* A(- — Bg — x)dB^. Using the stochastic process {Xt{x))t>o, bound 
state $b can be represented as 



Mx) = EzroM^)] 



(5.6) 



for arbitrary t > 0. We can also obtain that (m®^, $b) = / m(x)E^JE^^ po"^ ■ Xt{x)]. 

Then we have ($, <l>b(2^))L2(^) = E 
which {Xt{x))t>o is martingale. Let 



Then we have ($, <l>b(2^))L2(^) = Ep^JE^^ [Jo$ ■ Xt(x)]. We define a filtration under 



r, 



(1) 



[0,f] 



U (^(^i)' 



Wi, 



kU)i6r2i/ 



A{wi) E a{Br, < r < Tt{wi)) } C Bp x B^ (5.7) 



and 



^ 



(2) 



[0,t] 



U {W2,B{W2)) 



B{w2) e a{Tr, 0<r<t)}GBpxB^. (5. 



Then we set ^-"[0,4] = J^Li] ^ -^fotl' ^ — 0' ^^"^ define a filtration in Bp x B„ x Sc by 



(A^t)t>0 = (^[0,i] X S(_oo,t]) 



t>o ' 



(5.9) 



Theorem 5.7 (Martingale property) Lei V be in the relativistic Kato-class, and 
suppose Assumption \2.1[ Then the stochastic process {Xt{x))t>o is martigale with re- 
spect to the filtration {Ait)t>o- 



Proof: By Proposition EJ we have Ac(F[0,t]) = Ac(F[0,s]) + Ac(F[s,t]). Since 
g-jaAc(P[o,s])g-/o y(STjrfr- jg A^ ^-measurable, we have 

E^Xc Mx)\M.^ = e*^e-^"^°(i^[°'^])e-^o ^(^T.+x)dr 
X E^Xle""^^^''^''*^^e-/X^^^+^)'^'-Ji$b(5T, +x)|Al," . 
By the definition of l[s,t] it is seen that 

E°'Xc [e-^"^^(^^[^'*])e-^>(^-'-+^)'^^Ji$b(5r, + a:)|7W; 
= lim E°'°^^^ [e-*'^^°(^"[^'*l)e-^X^^'-+^)'^''Jt$b(5T, +a;)|>l 



33 



and then 



E 



Me 



E 



E° 



"g-.aA.(I^[.,t])g-/;y(B,,+x)drj^^^^^^^ ^ ^^j^W 



I-f; 



(2) 



[0,.] 



By the Markov property of the Brownian motion we see that 



E" 



g-.aA.(I?;[s,t])g-/XB^,+x)dr.j^^^^^^^ ^ ^^^jrW^ 



hm Ep^^ 

n— >oo 



g-iaAe(l},^''^[s,t])g-/;y(iJT,-T,+^)drj^^^^^^^_^^^ 



X 



where Ep^* menas Ep evaluated at y = B^^ and 



^ 2" T(, 



ii^^^^[^,^]=eE 



(i-«) 



'T, 



TT^i + S 



J(iz;£)^_l)+,^(- - Br-X)1B, 



M=li = l-'^(^ (,_!) + , 



2TI^0-1)+^ 



Since the subordinator {Tt)t>o is also a Markov process, we have 



E? 



E 



BTs 



i-f: 



(2) 



where E^" also means E^ evaluated at y = T^ and 



E^'-Ep^" 



d 2" 



ii^^'^[^'^] = ©E 



2" ^ 



-To 



M=l J=l "^^(i_^(,_i)-^o 



J(£z£)(,_i)+,A(--5,-x)dS^ 



Again the Markov property of the Euclidean field yields that 



E 



'Mo 



E^^Ep"'" 



E 



Mc 



E^^Ep"^*^ 



"g-^aA.(e-[s,t])e-/XST._,-To+x)dr-j^^^^5^^_^__^^^^ 



X, 



The right-hand side above equals to 



E.E^^Ep'^'' 



J,J*U_,E^=Ep^« 



(5.10) 
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Since U_s is the shift by —s, we have 



X 



where 






/^=1 ^=1-^(^0-1) 



ro 2^(J'"^) 



A(- - 5, - x)dB^^ 



We notice that the random variable Tt + y under u has the same law as Tj under z/^, 
i.e., E^[/(Tt)] = El[f{Tt + y)], we can see that 



J,J*E°Ep"+"^« 



J,J*E°E?"= 






«=Ts 



where 



d 2" 7^ 



M=l i=l"'^0_^(,_i) 



.iu-^)(,- ^M--Br-x)dBi^. 



Taking the limit n — )■ oo, we finally obtain that 



X 



e(*-^)^E?^-° be-^-^^(^^[°'*-^»e-^o~^^(ST.+x)drj^_^^^(^^^_^ ^ 



X 



Notice that 






j*g-^aA.(P[0,t-s])g-/J-F(BT.+x)dr-j^_^^^(^^^_^^ 



X 



<l>b(ST, + X) 



and hence 

E^Xe M^)\M^ = e^^e-^"^^(i^[°'^l)e-^^^(^-^+^)'^^J,$b(5T. +x) = X, 
Then the proof is complete. 



Xj. 



n 



Since we show that {Xt{x))t>o is a martingale, for an arbitrary stopping time r 
with respect to (A^i)i>o, (XMr(2^))t>o is also a martingale. By using this fact we can 
show a spatial decay of bound state $b of Hk- 
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5.3 Fall-ofF of bound states 



Lemma 5.8 Let V be in the relativistic Kato-class, and suppose Assumption \2.1\ Then 

ll$b(-)llL2(^)eL-(M'^). 



Proof: By ^]^{x) = EpxJE^c Po^t] fo^^ arbitrary t > 0, we have 



We have sup^.g]gd E- 



U2(i?) 



x',0 
Pxi/ 



< e*^ (Ki 



-2JoViBT,)ds 



-2f^ViBTjds 



1/2 



(^ZII'^^Bt. 



1/2 



< oo, since V is relativistic Kato-class, and 



dyj^ dsp,(s)^^e"MV(-)||$,(,. 



2 ^ (^||(R ||2 



n 



Then sup^gRd ||$b(a;)f < C||$b||^^. 

Let {Zt)t>o be the d-dimensional Levy process on a probability space {^,B,W^) 
such that E^v [e~*"'^'] = e"*(v l*'l^+"'^~"')e~*"'^. Hence the generator of {Zt)t>o is given 
by YpM-?7T? — m. 



Lemma 5.9 Let V be in the relativistic Kato-class, and suppose Assuniption \2. 1\ Let 
T be a stopping time with respect to the filtration {A4.t)t>Q- Then 



|$b(x)|| < ||$b|U^E^ 



w 



-r^^^{V{Zr)-E)dr 



(5.11) 



Proof: Since (Jo$ ■ Xi(x))t>o is a martingale with respect to the filtration {M.t)t>o, 
also is (Jo$ ■ XtU^))t>o- Then ^^^^^^ [Jo$ ■ Xt{x)] = E°'°JE^^ [Jo$ ■ Xm.(x)] follows. 
It is immediate to see by Lemma [5.81 that 



pO,0 



E;^XcM-^Mr(.x)]|<C||<l>||E 



0,0 



- C^V{BT,+x)-E)dr 



where C = sup ||$b(a;)||. Since B^t = Zt in law, we then have 



-C^(ViZr)-E)dr 



|E^XePo$-^*(a^)]l<ll'5||E^ 
From ||$b(2;)||L2(^) = sup$eL2(^),$^o^PxJEMe Po"^ ■ Xt{x)] /||$||, the lemma follows. □ 
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Theorem 5.10 (Fall-off of bound states) Let V = V+ — V^ be in the relativistic 
Kato-class, and suppose Assumption \2.1[ 

(!) Suppose that liin V^{x) + E = a < 0. Then 

\x\—^oo 

||$b(a:)||L2(^) C 

Case m = : there exists C > such that — ,, ^ ,, < 



^h\\.^ ~ 1 + Ixl'^+i' 



Case m > .- there exist C > and c > such that :——, — -^ < Ce '''''' . 



$ 



b||.jr 



(2) Suppose that lim V{x) = oo. Then there exist C > and c > such that 

|x|— >oo 



Proof: (1) Suppose that V-{x) + E < a + e < for all x such that |x| > R, and 
tr = mi{s\\Zs\ < i?} is a stopping time with respect to the filtration {J^t)t>o- By 
(15. lip we have ||$b(a;)|| < ||<l>b||jrEw [e+^(''+'')(*^^«)] for |x| > R. In a similar way to 
|CMS90l Proposition IV. 1] we have 

^wf' J - l + lx'^+i' """"' (5.12) 

E^ [e+^(^+")(*^"«5 < Ce-'^l^ , m > 0. 

Thus (1) follows. 

(2) Let T/j = inf{s||i?rj > R}, which is the stopping time with respect to the 
filtration {Ait)t>o- Let W{x) = mi{V{y)\\x — y\ < R}. Then it can be shown in 
|HIL13[ Theorem 4.7] and |(MS9n[ Proposition IV.4] that 



F^ 
^w 



,{tATR)E- /o*^"« ViZr)dr 



< e-*(^(^)-^) + Ce-"V* (5.13) 



with some constants a,c and C. Inserting R = p\x\ with any < p < 1, we see that 
W{x) — 7- oo as |a;| — )■ oo. Substituting t = 6\x\ for sufficiently small 6 > and R = p\x\ 
with some < p < 1, (2) follows. □ 
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6 Measures associated with the ground state 

6.1 Gaussian domination of ground states 

Let H = Hqf or Hk in this section. Throughout this section, when we consider Hqf we 
suppose Assumptions 12.11 and 12.21 and when we consider Hk we suppose Assumption 
12.11 A fundamental assumption in the remainder of this section is that H has a ground 

state (fig. 

Assumption 6.1 Suppose that m >0 and H has a ground state ip^ , i.e., 

Hipg = Eipg, E = mia{H). (6.1) 

Corollary 6.2 The operator e*^^e~*^e~*^^ is positivity improving for t > 0, i.e., 
(F,e^i^e-*"e-^5NG) > /or any F > an(^ G > (F ^ 0, G ^ 0). In particular 
e*2^(/9g is strictly positive and then the ground state of H is unique up to multiplication 
constants. 

Proof: It is established in |HirOOa] that Joe'5'^e~'"'^'=*^'^)e~*5^J^ is positivity improving 
for arbitrary / G ^ //^(M'^). Thus the first statement follows. Since e*^^ is unitary, 
the statement on the uniqueness also follows from the Perron-Frobenius theorem. □ 

For an arbitrary fixed < G L'^{W^) but ^ 0, we define 

<^, = e-*(^-^)(0®]l), ^*=0,/||0,||. (6.2) 

Then it follows that (yjg — )■ ip^ strongly as t — )■ oo, since (0 ® 11, yjg) ^ 0. Let 

=Sfi = 0(5_TJ0(5TJe-'#'l^(^[-*•*l)e-^-*^(^^^)^^ t>0. (6.3) 



Remark 6.3 We formally write the pair potential qo(I[— t, t]) by 

qe(I[-t, t]) = -^ ^ r^B^s r di?r^,.(T; - T;, B, - Br), (6.4) 

where 

W,At, X) = \l ^^ {5,^ - ^"j e-^-^e-WI*ldfc. (6.5) 



2 J^d uj{k) \ \k\ 

38 



Define the probability measure fix on the measurable space {Qp x Qu,Bp x ^u) by 

BpxB,3A^ firiA) = -^ [dxE^Zi^A^jl . ^ > 0- (6.6) 

Here Zt is the normalizing constant such that Ht{^p x fi^) = 1. We define the self- 
adjoint operator A^ in Jif by A^ = f^^ A^(^(" — x))ix, where ^ G L^(M'^). Then we 
have 

((/3g,e '^ «v^g) = hm — ^TT- 7, TTT-^ 7r^ > p G M. (6.7) 

Lemma 6.4 Let /3 G M. T/ien zit follows that 

(e-^^0 0]l,e-/^^^e"*»0 0]l) _ . i(2«/5«,.(i[-t,.]JoOH-/^^.c(joO)i ^g s) 

(e-*H0®l,e-*H0®]l) ^'^'^'^ J ^^-^^ 

Proof: This follows from Corollary [STTIi □ 

Note that both qc(I[— ^,^], JoO ^^'^ qc(jo0 ^o not depend on x. 

Corollary 6.5 Let ^ = 0,^=i ^^^'Cm ^'^^ ^a* ~ lR<i-^{(,{- — x))ix. We suppose that 
supp^^ n supp(^ = 0. Then 

(^g,A>g)^ = (]l,A^(0)"]l)i2(^) 

(-l)™(2m - 1)!! (i /^, |e,(A;)p(l - ^yik) n = 2m ^^ g^ 

n = 2771 — 1, 

w/iere A^,(0) = MO- 
Proof: Formally we see that 

*(.|-M1,.0 ^ ig/V (£4(.)-gLe--.e- (.„„ - y|:)d.) ^ 0. 

This is proven rigorously from the definition of I[— t, t]. By (16. 8 p and taking the limit 
t ^ cx), we have ((^g,e-^'^^''(^g) = e-'^'^-^Jo^^/^^ gj^ce ip^ g /^(A;^) by Theorem [O 
below, we derive (16. 9 p by taking n-times derivative at /3 = 0. □ 
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Lemma 6.6 Suppose that /3 < (2qe(joO)"^- Then cp^ e D{e'^^i^^) and 

-/3Q^qo(I[~f,t],Joe 
e (l-2/3qe(J0«)) 



|eM|/2^M|2 = (i_2/3q,(JoO)-^/^E, 



A't 



(6.10) 



Proof: We have ((/?^,e-*'=^«(/?^) = E^, [e-"*^^<=(^[-*'*l'J««)] e-5'='q-(j«€). By the Gaussian 
transformation with respect to A;, we see that 

(v9*,e-^?/Vg) = {271^/^ [ e"'^'/^, [e-afcqe(iht,i]joS^ e-^'^'^i^OoOdfe, 

and by Fubini's lemma, we can exchange Jdk and / d/ij. Then 

1 



(^^,e-^^/V*) 



1 + qcOoO 



=E 



fj-t 



^ qe(I[-t,t],Jo;)^' 



g 2(l + qe(JoO) 



(6.ii: 



Replacing ^ with v^— 2/3,^ for /3 < 0, we have (16.101) with /3 < 0. We can extend 
this to /3 < (2qe(joO)~^ by an analytic continuation. For notational simplicity we set 
Q = qc(joO^- Let 



i ^-zA'i,t 



X(;.) = (¥.,e-W), p(z)=E 



f^t 



exp za 



iqe(iH,t]JoO- 
2g 



and 6* (2;) = j^^- Then ( ]610|) is realized as 



X{z) 



1 



for z > 0. Notice that E^^ |exp [za 
that 



VI + 2zQ 



2qc(I[-M],joO- 



po^(z) 



(6.12) 



2Q 



< 00 for all 2; > 0. Then we know 



1 r/ 

n=0 ■ LV 



Vqc(I[-t,t],joO' 



2\ "1 



2g 



(6.13) 



for 2 > 0, and hence p{z) can be analytically continued to the whole complex plane 
C, which is denoted by p(z) and it follows that p(z) = E,^^ exp iza'^ '^°^ 20 ) 
z E C Then -^===p o 6'(z) can be analytically continued to the domain: (Figj2]) 



for 



D = {ze C\\z\ < {2Q)-^} U{ze C\^z > 0}. 



40 



.11(20) 


1 


\ 


i 



Figure 2: Domain D 

In particular the radius of convergence r of -/fmmP ° ^(-2) at 2; = satisfies tliat 
1 — e < r < 1 for an arbitrary e > 0. By the equahty fl6.12p . x can be also analytically 
continued to the domain D, which is denoted by x- Let e > 0. Then 



X{z) 



E i^ [ A"e-^ciE(A)) (. - eT 



(6.14) 



for < e — 2;, where dE{X) denotes the spectral resolution of the self-adjoint operator 
A? with respect to c/?* . Since we have 






(6.15) 



n=Q 



for 2 G C such that U — el < 



(2Q)2 



e^. Comparing both expansions (I6.14p and 



(I6J3|) we see that a„ = ^^ j^ X"e-'^dE{X) and by (l6J[5l) we have 
1 



1 °° /('—I'ln r°° 



(6.16) 



In particular it follows that for —6<0 with e + 6 < 



{2Qy 



+ e' 



^('^) = E -/ A"e-^^dE(A) (<5 + 6)"< 

n=0 V^- "^0 / 



00. 
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Thus 

^ V'^! Jo J Jo 

and take A^ — )■ oo on both sides we have x(<^) = /o°° G^^dE{X) < oo. Since e > is 
arbitrary, then it follows that (v9^,e'''^fv9*) < oo for /3 > (2(5)"^ □ 

Theorem 6.7 (Gaussian domination of the ground state) Let /3 < (2qc(joO)^- 
The7i cpg e D(e^^«/^) follows. 

Proof: By Lemma 16.61 we have the uniform bound lle^ ^V^ilP ^ , ^ =^ in t. 

Thus there exists a subsequence t' such that We^^i'^^cp^^ p converges to some c as t' — )■ oo. 
We reset t' as t. We claim that {e «' V9g}j is a Cauchy sequence. Directly we have 

\\e^H/^^l - e^^VV.r = l|e^^?/Vgll' + l|e^^'/Vgf " 2(^^,e'^^i/Vg)- Note that ^* 
strongly converges to y^g as t — > oo. Since the uniform bound of \\e^ ^V^gll^ implies that 

as t, s ^ oo, we obtain that limt,,^oo He'^^'/Vg - e'^^'^Vgll = and e^'^'/^v?* , t > 0, is 
a convergent sequence. Hence the closedness of e^ «' yields the desired results. □ 



6.2 Local weak convergence 

6.2.1 Outline 

We set ^ = np X n^ and >r^ = P^ ® z/ in what follows. Let Xj = Bt, for t > 
and X_t = B_Tt ioi —t < 0. Thus t t-)- Xt(u;i,u;2) = -BTt(aj2)('^i) fo^ (1^151^2) G <^ is 
a cadlag path, i.e., a path is right continuous and its left limit exists. Let J^[~t,t] = 
a{X,]s e [-t,t]). Then 

^T= U ^[-M], ^ = U'^[-M] (6.17) 

0<t<T 0<t 

are finitely additive families of sets. We define the correction of probability spaces by 
{^,a{W), ^t),T > 0, where /it is given by (16. 6p . We show in this section that there 
exists a probability measure /ioo on (^,cr(^)) such that fix — > /ioo as T —t- 00 in the 
local weak sense. 
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The outline of the idea to show the convergence is as follows. First we define a 
family of finitely additive set functions pT on (J?r,^r), T > 0, in terms of yPg, and 
we denote an extension to the probability measure on (,^, a{'^T)) by pr- We show by 
using functional integrations that 

Pt{A) = pt{A) = pt{A) (6.18) 

for A E'^t with t < T. Next we define a finitely additive set function /i on [^ ,'^) and 
denote an extension to a probability measure on (^,o"(^)) by /ioo- The set function 
/i is explicitly given in terms of the ground state (fg. By applying the fact that ip'^ 
strongly converges to ySg as T — )■ oo, we prove that 

PT{A)^fi{A), T^oo, (6.19) 

for y4 G ^, which implies that firiA) — )■ /i(A) and /ir converges to the measure poo in 
the sense of local weak, since p{A) = poo{A) for A E '^. By the construction of poo we 
can show an explicit form of poo{A) for A E ^. 

6.2.2 Local weak convergences 

Let Q[_i,i] = J*_^e-'i''Mn-t,t])j^e-I-ty(Xs)ds_ ^^^^ ^^^^ ^^^ ^g_ (a;i,a;2) G ^, Q[^t,t] ■ 
L^(^) — !> L^{^) is a bounded operator. Define an additive set function // : ^ — t- R by 

piA) = e^^* / dxE^ []l^(v9g(X_0, g[_t,t](/^g(X,))] , A e Ti^t,t]. (6.20) 

Lemma 6.8 It follows that p{A) > for A G J^[-t,t]- 

Proof: We note that e^^^y^g > and e^^^Q[^t,t]^~^^^ is positivity improving by 
Corollary 16.21 Then the lemma follows. □ 

Lemma 6.9 The set function p is well defined, i.e., for A G J^[^t,t] C J^[~s,s] 

p{A)=e'''' [ dxEZ[MMX-t),Q[-t,tmiXt)LHs.)] 

^2^^ ^ dxE^Z[MMX-s),Ql^s,s]MXs)LHS.)]- 



43 



Proof: Let /i(4) = jji\jr Then n^t) is a probability measure on {^ , J^^^t,t]) ■ Let 

—s<—t = t{)<ti<---<tn = t<s. Then by Corollary 13.141 the finite dimensional 
distribution is given by 



/iJ«j-'*"(Ao X ■ ■ ■ X v4„) = ii{Xt, G Ao, ■ ■ ■ , Xi„ G A 



,2£;t 



dxE^ 



n]iA,(x,jj(^g(x_,),g[_,,]^g(x,)) 

= (y.g, ]l^,e-(*-*°)(^-^) ■ ■ ■e(*"-*"-)(^-^)l^„y.g). 
= (v9 ,e"(*"+''^(^^-^^]lA e~(*i~*o^^---e(*""*"-i^^]lA ^-{s-t„){H-E) 



^2Es 



dxE 



if 



n]iA,(x,j ((^g(x.,),g[_,,,](^g(x,)) 



= /i;°;-''"(Aox---x A„). 

It can be also seen that the finite dimensional distributions /i^^, A C [— t,t], ^^A < cxd, 
satisfy the consistency condition, i.e., 

/i;«)-'*"(Ao X ■ ■ ■ X A„,) = ^Jo,...A,Wi,...,W.(^^ X ■ ■ ■ X A„ X J]R'^). 

By the Kolmogorov extension theorem there exists a unique probability space (3^, B^ Q) 
and a stochastic process (Ys)s^[_t^t] up to isomorphisms (e.g., |Sim05[ Theorem 2.1]) 
such that B is the minimal cr-field, B = o-{Ys, s G [—t, t]), and /i/''"' "(^o x ■ ■ ■ x A^) = 
Q(Ff(, G Ao,--- ,Ft„ G A„). By the uniqueness, {y,B,Q) and {3t^ , J^i_t,t], fJ^it)) are 
isomorphic, and also is {y,B,Q) and (<^, J-'[_t^j],/i(s)[jr ,). Hence (5(A) = /i(s)(y4) = 
//(f) (A) for A G -7-'[-t,t] follows. □ 

Clearly /i is a completely additive set function on (<^,^). There exists a unique 
probability measure /loo on {^ , cr(^)) such that /ioo(A) = /^(A) for A G ^ by the Hopf 
theorem. 

Theorem 6.10 (Local weak convergence and uniqueness) The probability mea- 
sures fiT converges to fi^o in the local weak sense, i.e., fixi^) ~^ yUoo(A) as T — )■ oo for 
each A G ^, and fi^o is independent of (p. 
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Before giving a proof of Theorem I6.1UI we need several lemmas. Let ^t = ^t<TJ^[-t.t] 
and define an additie set function p^ : ^y — )■ R by 



pAA) = e 



2Et 



dxE^ 



^A 1 — n"7~n — ' v[-t,t] — II , II 



-'Tl 



'-'Tl 



for A G J^[-t,t] with t < T. 

Lemma 6.11 The set function px satisfies pri^) > and is well defined, i.e., 



^2Et 



dxE^^ 






^2Es 



dxE^,/ 






yy. 



.(^. 



(6.21) 



/or allt < s <T. 



Proof: Pt(^) > follows in a similar way to Lemma [6.81 The proof of the second 
statement is similar to that of Lemma 16.91 The left-hand side of f l6.2ip is denoted by 
Pit) and the right-hand side by p(s). The finite dimensional distribution oi P(t) is given 
by 



p;°j-''"(Ao x---xAn) = Pit){Xt, e Ao, ...,Xt„ e An) 



J2Et 



Ut\ 



Ax¥.l 



w 



n ]iA,(Xtj (0T-t(x_,), g[„,,,]0T^_i(Xi) 



•J=0 



By Corollary 13.141 the right-hand side above can be represented as 

(0T-t,e"(*o+*)(^"^)]lAoe"(*i"*''^^^"-^) ■ ■■e^*"-*r,-i){H-E)j^ ^-(t-t„){H-E)^^_^^ 



^T-s 



Q-{to+s){H-E)^ ^-{t^-to){H-E) . . .g(tu-tn-i)(//-i?)]l g-(s-t„)(H-E)^ 



^2Es 

HP 

to,...,t„ 



dxE5. 



l[lA^{Xt^)]{(PT-s{X.s),Ql^s,s]<pT-s{X,)) 



J=0 



= pll';-''-{AoX---xAn). 

Note that p/^x and pfx, A C [—T,T], #A < oo, satisfy the consistency condition. 
Note that P(t)[j-[_t(] and P{s)\Ti_tt] ^^^ probability measures on {^ , J^i_t,t]) ■ By the 
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Kolmogorov extension theorem we see that P(t)(A) = p(s)(A) for A G J^[^t,t] C J^[^s,s]- 
Then the lemma foUows. □ 

By the Hopf theorem there exists a probabihty measure px on (,^,cr(^r)) such 
that pt = pT \'St ■ 

Lemma 6.12 Lett<T and A e %. Then Pt{A) = priA). 

Proof: For A = {to, ti, ■ ■ ■ , t„} C [-T, T] and AqX ■ ■ ■ x A^ e x'J^q^{R'^), we define 

p^{Ao X ■ ■ ■ X A„) = priXt, G v4o, ...,Xt„ E A„) 



-,2Et 



\\h 



dxES. 



n]iA,(x,j {<pT-tix.t),Qi-t,t]<pT-t{Xt)) 



and 



p^(Ao X ■■■X An) = priXt, e Ao, ...,Xt„ e A^) 



— I dxE? 



ll^A,{X,A^r 

Both p^ and p^ are probabihty measures on ((M'^)^, i3(M'^)'^). We have 



1) 



^T 



/i^(v4o X ■ ■ ■ X A„) = ^ 

and then 

A,, , , _ e^^*(0T^„e-fa+^)^]l^,e'(*^-*")^llA, ■ ■ ■ ]lA.e"(^-^-)^0T^,) 

Pj.[Ao X ■ ■ ■ X An) — II , 112 

by the definition of 0r-t- The right-hand side above can be expressed as 



2Et 



dxE 



x,0 



U^A^t: 



s3=0 



^T-tiXo) „ (j^T-tiXt] 

"' V[-t,t]- 



110^ 



'JT\ 



Then p^{Aq x ■ ■ ■ x An) = Pxi^o x ■ ■ ■ x An) follows. The probability measures p^ 
and p^ satisfy the consistency condition. Then by the Kolmogorov extension theorem 
there exists a unique probability space (3^, B, Q) and stochastic process Yg such that 
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B = aiY,,s e [-T,T]) and QiYt, e Aq,--- ,!!„ € A„) = /i^°'-'*"(Ao x ■ ■ ■ x A„) = 
Py"'-'*"(v4o X ■■■ X An). On the other hand it holds that /i^'-'*"(v4o x ■ ■ ■ x A„) = 
Py"'-'*"(Ao X ■ ■ ■ X A„) = pt(Ao X ■ ■ ■ X A„) = /iT[5yj,(^o X ■ ■ ■ X A„). Hence pT = Q = 
fiT r^T follows by the uniqueness of extensions. □ 

Now we state the proof of Theorem 16.101 

Proof of Theorem \6.10[ By Lemma 16.121 we have 



lim uriA) = lim priA) = lim e^-^* / dxE^ 

T->-oo T— 5>oo T— >oo Jjgti 

Since 0t — ^ </2g strongly as T — )■ oo, we have 



1. 



II , II — ^Vht,*] 



t(^t 



II0I 



hm /iT(A) = e^^* 

T— 5>oo 



fdxE^ 



[Ia (<^g(X„j),Q[_t,j](^g(Xj))] = /ioo(A). 



Next we show independence of poo- Suppose that fi'^ is a local weak limit of fix- 
By the construction of /ioo, /ioo(^) = /^'oo(^) fo^ A E ^. The uniqueness of Hopf's 
extension implies /ioo = A^'oo- Thus /ioo is independent of (f). Then the theorem follows. 

D 



6.3 Gaussian domination and local weak convergence 

We can see that qc(I[— t, t], joO i^i (16.101) converges as t — )■ oo. 

Lemma 6.13 Sequence {qc(I[— ^, ^], JoOlt ^■^ ^ Cauchy sequence in L'^{j^,W^). 

Proof: Let s < t and we estimate Ep^Jqe(I[s, t], joO^]- By ^^^ definition of I[s,t] we 
have 



E'^Ml[s,t],ioO']< limE 






By the independent increments of the Brownian motion we have 



< 



lim N Ep'^ 




Pxv 



i=i 



T-i, 



(e,e-^'-^"Ods 



^',-1 



2" 



|Af=lim 5^E^°J(T,^. -T,^_J(e,e-^*— 0]l|A|P 



j=i 
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Since Tt._t._, and Tt—Tf. , has the same low, we see that 



2" 



n— ^oo 

Using the distribution of Tt we have 

2' 



^'il-E<xjT,_,_.e--^-ie IIAf. 



exp (-1(-^^^ + m2s)) e-2*^--) e; 



e,iimvfrd.4^^, 

where Atj = tj — tj_i. Since ?7i > we obtain that 

with some constant C. Then qe(I[— t, t], joO is a Cauchy sequence. □ 

By Lemma [6.131 there exists qe(I(— oo, oo), joO such that hm qe(I[— t, t], JoO = 
qe(l(-oo,oo),jo0- 
Remark 6.14 By Theorem 16. 101 and Lemma [6. 131 we conjecture that 






-Pa qc(I[-oo,oo],JQg)^ 
g (l-2/3qoaoO) 



(6.22) 



and hm^t-qo(jo?)/2 ll^ ^ V^gll = oo. This type of resuhs are derived for a spin-boson 
model |HHL12] . 

7 Concluding remarks 

7.1 Translation invariant models 

Let H = Hk or Hqf. Suppose that V = 0. Then we already see that e~'*e^*^e**''" = 
g-tH_ 'YliQn H can be decomposable with respect to the spectrum of P. Thus we have 

H= / }i{p)dp. (7.1) 

We can construct the functional integral representation of e~*^^^^ for each p G M*^ in a 
similar manner to [Hir07j . 
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Theorem 7.1 Let F,G e L^{^). Then it follows that 

(F, e-*"(P)G) = E;^°^ [e~'P-^T, (JoF(5to), e'''f-^^*e-'"^^(^[°'*]) JiG(5rJ)] . (7.2) 

From this functional integral representation we find an operator core of H(p). 



Corollary 7.2 Suppose Assumptions \2. 1\ \2.S\ and m > 0. Then H(p) is essentially 
self-adjoint on D(|Pf|) fl D(Hrad)- 

Proof: The proof is similar to that of Theorem I4.5[ i.e, it can be show that e~^^^' 
leaves D(|Pf|) fl D(Hrad) invariant. □ 



7.2 Spin 1/2 and generalizations 

Let us assume that the space dimension d = 3. The SRPF Hamiltonian with spin 1/2 
is defined by 

H = y/{a-{p-aA)y + m^ -m + V + H.^d (7.3) 

on the Hilbert space (C^ ® L'^{W^)) L'^{^). Here a = (cri,a2,cr3) are the 2 x 2 Pauli 
matrices given by 



CTl 



rn il 




rn 


—i 




ri 


nl 


1 


, (^2 = 


i 





, (^3 = 





-1 



(7.4) 



Let {Nt)t>o be the Poisson process with the unit intensity on a probability space 
{Qu,^u,^)- We define the stochastic process at = cr(— 1)^% t > 0, where a G 
{ — 1, +1}. Under some condition we can construct a functional integral representation 
of e~*^ in terms of stochastic processes {Bt)t>o, (^t)t>o and (o"j)f>o. We can identify 
(C^ (g) L^(R^)) O L2(^) with L2(M3 x {±1}; L'^{^)). Under this identification we have 
the theorem. 



Theorem 7.3 Let F,G E L\W x {±1};L\^)). Then 



iF,e-^^G)=e^^Yl 



a=±l 



dxE: 



x,0,a 



e- ^0 ^(^-^^"^ (Joi^(i?To, cTTo), e^ J,G(5r„ a^J) 



(7.5) 
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where 



X = -2«Ae(I[0, t])-- a,B3(A(- - Bs))ds 

^ Jo 

+ J ' log (|(Bi(A(- - Bs)) - iasB2{X{- - 5,))) rfiV, 

and B{x) = V^ x Ac(x) describes the quantized magnetic field. 
We can furthermore consider general Hamiltonians of the form: 

vi> 0(a . (p - aA)A +V + Hrad, (7.6) 

where ^ denotes a Bernstein function. The standard Pauli-Fierz Hamiltonian is real- 



ized by ^(m) = u, and the SRPF Hamiltonian with spin 1/2 by \l/('u) = ^/2u + rn? — m. 
(17. 6p can be also investigated by path measures, and only the difference from (17. 5p is to 
take the subordinator {T'^t)t>o associated with Bernstein function \1/ instead of {Tt)t>o- 
See Appendix [D] for relationship between Bernstein functions and subordinatos. We 
will publish details somewhere in near future. 

A Brownian motion on M 

Let (-Bt)teR be ci-dimensional Brownian motion on a probability space {Qp,J!J^p,P^). 
The properties of Brownian motion on the whole real line can be summarized as follows. 

(1) P-(So = x) = 1; 

(2) the increments (i?t, — -Bti_i)i<j<n are independent Gaussian random variables for 
any = to < ^^i < ' ■ ■ < ^^n with Bt — Bg = Nt_s, for t > s; 

(3) the increments {B_t._^ — i?_t.)i<j<n are independent Gaussian random variables 
for any = —to > — ti > ■ ■ ■ > — 1„ with B^t — B^g = Ns_t, for — t > —s; 

(4) the function M 9 t i— )■ Btiu) G M is continuous for almost every a;; 

(5) Bt and Bs for t > and s < are independent; 
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(6) the joint distribution of Btg, . . . , Bt^, — oo < to < ^i < ■ ■ ■ < ^^n < oo, with respect 
todx ®dP^ is invariant under time shift, i.e., 





' n 

[[MBu) 


= f dxE^ 

JR'i 


' n 

[[MBu+s) 


for all s e M. 









:i.ii 



B Properties of integral I [a, 6 



d 2" 



Proposition B.l Let l'JO,t] = fl^ V / jt,A(- - B,)dB^. Then s- lim i;,[0,t] 



Proof: We have ||4[0,t] - ln[0,t]f = d(Tt - To)(A,2(l - e-*"'/2")A) ^ as n ^ cx). 
Then the proof is complete. □ 

Proposition B.2 For each w e Q^X -^; I[0, t] = I[0, s] + I[s, t] for < s <t follows 
in the sense of L'^{Qp,P^) ® S' , i.e., 

E^[||I[0,t]-I[0,s]-I[s,t]||3=0. (2.1) 

Proof: By a limiting argument we see that 

E^p[||I[0,t]|||]=dT,||^/v^f (2.2) 

for almost surely in u. We suppose that s = at/2^ with some a,k E N. Then by the 

2"+*= „Tt , 

~ ' - *i 



definition of l„[0,t] we have l[0,t] = lim V / Uj-iK' -Bs)dB^ with t 

/ 1 T CXJ / /T^ 



and 



i=i >^Tt^-i 

2"a 



2"a „T 



2"6 J' 



r 5 
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where b = 2^" - a. Hence l[0,t] = l[0,s] + I[s,t] follows. Let < s < t. Then 
there exists s(e) > s such that s(e) = a/2'' with some a, A; G N and s(e) | s as 
e -> 0. Hence l[0,t] = I[0, s(e)] + l[s{e),t]. Note that I[0, s(e)] - I[0, s] = I[s, s(e)] and 
E^ ||I[s,s(e)]||^ = (T,(,) -T,)||(^/v^||2 by the Ito isometry di^). Since T, = T,(u;) is 
right continuous in s ior w & Q^ \ jVy, (12. ip follows. □ 



Proposition B.3 Let a < b and c < d, and suppose that [a, b] fl [c, rf] 
/or eac/i w; G fi, \ ^„ E^ [(I[a, 6], I[c, d])^ = d{T, - T,)\\^/ ^\\l,^^,^ . 

Proof: Suppose that [a, b] fl [c, d] = 0. Then it follows that 

E^ [(I[a, 6], I[c, d])] = lim lim E^ [(I„[a, 6], I„Jc, d])] = 0. 

Thus by Proposition IB. 21 we see that 

E^ [(I[a, 6], I[c, rf])] =E^ [(I[a, c], I[6, d])] + E^ [(I[a, c], I[c, 6])] 
+ E^[(I[6,rf],I[c,6])]+E^[||I[c,6]||^. 



[c, 6] . Then 



Then the lemma follows from E^ J|I[c, 6]||^ = rfE^ [f^'' ||A(- - 5^)||2dr 
etry (E^D- 



by the Ito isom- 

n 



C Proofs of ( [5:2] ) and i ^M 

Lemma C.l ^5^ follows. 

Proof: From the proof of Theorem 15.71 and f IS.lOp . it follows that 



E' 



0,0 



g-iaA.(F[.,t])g-/XB:,,+x)drj^^(^^^ ^ ^) 



-Fr 



[0,s] 



E. 



BTsfi 



g-iaAe{l(2).-[0,i-s])g- /(,*-= y{iJT,+x)drj^^(^^^^ 



X 



for arbitrary G G t^. Then we have 



^Pxi/ 



E' 



'xM^^l-'%G{Br,] 



E' 



0,0 

Pxi^ 



X,{x)¥.Z-'^^{x)G{Bt, + x) 



0,0 

Pxiv 



XJxlE' 



0,0 

Pxi^ 



e- ir ^(«^.+-)d'^J*e-*"^^(iS[«.^+*])j^G'(5T,+, 



-Fr 



[0,s] 



(3.1) 
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Here Iq[s, s + t] denotes Io[s, s + t] with Br replaced by Br + x. Since a conditional 
expectation leaves expectation invariant, we have 



= E- 
and (15 ■2p follows. 



0,0 
Vxu 

x,0 
Pxu 






a 



Lemma C.2 / 1 5. 5\) follows. 

Proof: Note that Bx,. — B^t = B^t-Tr ^i-nd y — B^t = y + -Bt* in law. We investigate 
Utrln[0,t]. We see that 



d 2" i^Tt . 



in[0, t] = ^Y.r' h-t,-M- - {Bs - Br, + y))dB>: 

M=i i=i -^^'j-i 

d 2™ 2" 
/i=l j=l j=l 

d 2™ 2" 

= iToo ® E E J*"*.-^ (■ - ^T.-T.^_,-(.-l)A,_, - y) 
/i=l j=l j=l 



where Aj_i = ^^ (T^^. — Tt^_^. Since T^ — Tg has the same law as Tj„s, we can replace 
the right-hand side above with 



d 2™ 2" 






TriTt-tj_i-Tt-tj) y 



fj,=l i=l j=l 



r5 



^m-t_i-Tt_,.) 



(3.2) 
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By the definition of J^ jsA(- — Bs)iB^ and tlie Coulomb gauge condition (12 .4^ it follows 
that 

= - E / ' j*-v.M- -Bs- y)iB^ = - E / ' j*.^(- - ^« - ^>i^^ 

(3.3) 
Finally we have by Proposition IB. II 

d 2- Tt^ d 2" T,^, 

-0E/ Jt.M--i?.-y>ii?.^ = -0E/ V.A(--i?,-y>ii?,^ (3.4) 
Then the proof is complete. □ 



D Subordinators 

A subordiantor {Tt)t>o is a 1-dimensional Levy process which has a almost surely 

nondecreasing path t h^ Tt. Subordinator may be thought as a random time, since 

Ti > and Tt < T, for t < s. The subordinator {Tt)t>o satisfies that E[e-"^*] = e-*^("), 
where 



^{u) = bu+ (1 - e-"'^)A(di/) (4.1) 

Jo 

for u > 0, where 6 > a constant and A(dy) denotes a Levy measure such that 

A((-oo,0)) = and J^{y A l)A(dy) < oo. Let / e C°°((0,oo)) with / > 0. / is a 

Bernstein function if and only if {—l)"'d"'f/dx"' < for all n = 1,2,3,.... For each 

Bernstein function ijj such that lim„j^o'^('w) = can be realized as (14. ip . The examples 

of Bernstein functions are ip{u) = u" with < a < 1 and ip{u) = \/u^ + vn? — m. 
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